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 a b s t r a c t

Stickiness in mixed Hamiltonian systems causes chaotic trajectories to remain temporarily trapped near regular 
structures, making it difficult to distinguish regular, weakly chaotic, and strongly chaotic motion over finite 
times. We show that the recurrence time entropy (RTE), previously used in discrete maps, also characterizes 
weak chaos in Hamiltonian flows. In the Hénon–Heiles system, the RTE reproduces the structures identified by 
the largest Lyapunov exponent, taking intermediate values in the sticky layers, and yields a proportion of chaotic 
trajectories consistent with the smaller alignment index. The finite-time RTE identifies low-entropy episodes near 
regular islands, whose durations decay algebraically, whereas high-entropy episodes decay exponentially. The 
same characterization holds for a periodically driven system and for a Hamiltonian system with three degrees of 
freedom, whose section is four-dimensional. The RTE is thus an effective diagnostic of weak chaos and stickiness 
in Hamiltonian flows.

1.  Introduction

Chaotic dynamics is investigated in a broad range of settings. In dis-
sipative systems, the classical examples of the Lorenz [1] and Rössler [2] 
flows and of Chua’s circuit [3] have been followed by a large body 
of work on attractors of increasing complexity, including the memris-
tive circuits and neural networks that display multi–scroll and multi–
butterfly attractors [4–7]. Chaos may also be transient, with trajecto-
ries behaving irregularly for a finite time before escaping the region of 
interest [8,9]. In conservative systems, which are governed by Hamil-
ton’s equations of motion and are the subject of this paper, the absence 
of attractors leads to a qualitatively different scenario, in which reg-
ular and chaotic motion coexist in a mixed phase space. In the inte-
grable limit, trajectories lie on invariant tori and the motion is regu-
lar. According to the Kolmogorov–Arnold–Moser (KAM) theorem [10], 
sufficiently irrational invariant tori persist under small perturbations, 
while resonant tori are destroyed and give rise to elliptic and hyper-
bolic periodic structures, as described by the Poincaré–Birkhoff theo-
rem [10]. For Hamiltonian systems with two degrees of freedom, this 
mixed organization is conveniently visualized on a Poincaré surface of 
section, where regular islands coexist with chaotic components. The re-
sulting phase space structure is typically organized hierarchically, with 
islands-around-islands embedded in chaotic regions and remnants of de-
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stroyed invariant tori, such as cantori, acting as partial barriers to trans-
port [10–13].

One of the most important consequences of this hierarchical organi-
zation is the phenomenon of stickiness [14–20]. Chaotic trajectories that 
approach the neighborhood of regular islands on the Poincaré section 
may remain trapped there for very long, but finite, times before return-
ing to the chaotic component. During these trapping episodes, the orbit 
appears nearly regular over finite times, even though it remains chaotic 
asymptotically. This intermittent alternation between extended explo-
ration of the chaotic component and temporary trapping near regular 
structures is one of the clearest manifestations of weak chaos in mixed 
Hamiltonian systems. Experimental studies have found chaotic trans-
port [21], as well as sticking and unsticking of particles, in a laminar 
fluid flow within a rotating annulus. Furthermore, in astrophysical sys-
tems, the presence of stickiness could play a crucial role in the dynamics 
of asteroid or debris orbits [22].

Then the stickiness has direct consequences for transport and for the 
numerical characterization of chaotic dynamics. Since sticky trajecto-
ries may spend long intervals near regular islands, finite–time quantities 
can be strongly affected by the local phase space structure. In particu-
lar, the convergence of Lyapunov exponents may become slow, because 
trapping episodes can temporarily reduce the finite–time estimate of the 
instability [23]. For this reason, several complementary tools have been 
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\begin {equation}\label {eq:HHpot} V(x, y) = \frac {1}{2}(x^2 + y^2) + x^2y - \frac {y^3}{3}.\end {equation}


$x^2y - y^3/3$


\begin {equation}\label {eq:Hamiltonian} H(p_x, p_y, x, y) = \frac {1}{2}(p_x^2 + p_y^2) + \frac {1}{2}(x^2 + y^2) + x^2y - \frac {y^3}{3} \equiv E,\end {equation}


$E$


\begin {equation}\label {eq:eqmotion} \begin {aligned} \dot {x} = p_x,&\quad \dot {y} = p_y,\\ \dot {p}_x = -x - 2 xy,&\quad \dot {p}_y = - y - x^2 + y^2, \end {aligned}\end {equation}


$E$


\begin {equation}\label {eq:px} p_x(p_y, x, y, E) = \pm \sqrt {2E - p_y^2 -x^2 - y^2 - 2x^2y + \frac {2}{3}y^3}.\end {equation}


$(y, p_y)$


$p_x$


$E \leq 1/6$


$E > 1/6$


$E < 1/6$


$d{t} = 0.01$


\begin {equation}\label {eq:Er} E_r(t) = \frac {\abs {E(t) - E_0}}{E_0},\end {equation}


$10^{-8}$


$x = 0$


$p_x > 0$


$E = 1/10$


$E = 1/9$


$E = 1/8$


$E = 1/7$


$E = 1/6$


$x = 0$


$p_x > 0$


$d$


$\vb {x}_i \in \mathbb {R}^d$


$i = 1, 2, \ldots , N$


$N$


$N \times N$


\begin {equation}R_{ij} = H\qty (\varepsilon - \|\vb {x}_i - \vb {x}_j\|), \label {Xeqn6-6}\end {equation}


$H(\cdot )$


$\varepsilon $


$\|\vb {x}_i - \vb {x}_j\|$


$\vb {x}_i$


$\vb {x}_j$


\begin {equation}\begin {aligned} \norm {\vb {x}}_2 = \qty (\sum _{i = 1}^d \abs {x_i}^2)^{1/2},\quad \norm {\vb {x}}_\infty = \max _{i}\qty (\abs {x_i}), \end {aligned} \label {Xeqn7-7}\end {equation}


$\varepsilon $


$1$


$\vb {R}$


$0$


$\vb {x}_i = \vb {x}_j$


$\varepsilon $


$\varepsilon $


$\varepsilon $


$\varepsilon $


$\varepsilon $


$\varepsilon $


$\varepsilon $


$\varepsilon $


$\varepsilon = 0.05\sigma $


$(x(t), y(t), p_x(t), p_y(t))$


$x = 0$


$p_x > 0$


$(y_n, p_{y,n})$


$E = 1/9$


$(x, y, p_x, p_y) = (0.0, -0.15, p_x, 0.0)$


$(x, y, p_x, p_y) = (0.0, 0.0, p_x, 0.0)$


$(x, y, p_x, p_y) = (0.0, -0.125, p_x, -0.127)$


$p_x$


$E = 1/9$


\begin {equation}\RTE = -\sum _{\ell =\ell _{\mathrm {min}}}^{\ell _{\mathrm {max}}} p(\ell ) \log p(\ell ), \label {Xeqn8-8}\end {equation}


$\ell _{\text {min}}$


$\ell _{\text {max}}$


$p(\ell ) = P(\ell ) / \mathcal {N}$


$\mathcal {N}$


$P(\ell )$


\begin {equation}\label {eq:histogram} P(\ell ) = \sum _{i,j=1}^NR_{i, j-1}R_{i,j+\ell }\prod _{k=0}^{\ell - 1}\qty (1 - R_{i, j+k}).\end {equation}


$N = 5000$


$-0.96$


$0.95$


$t_{\mathrm {total}} = 10^5$


$N_{\mathrm {cross}} = 10^4$


$\sigma $


$y$


$x = p_y = 0$


$p_x = p_x(p_y, x, y , E)$


$E = 1/8$


$\RTE = 2.5$


$\lambda _1$


$\varepsilon $


$\varepsilon $


$\sigma $


$y$


$x = 0$


$p_y = 0$


$E = 1/8$


$t_{\mathrm {total}} = 10^5$


$N_{\mathrm {cross}} = 10^4$


$N_{\mathrm {cross}}$


$\varepsilon $


$\lambda _1 > 0$


$\lambda _1$


$y$


$\varepsilon /\sigma $


$0.94$


$\varepsilon $


$0.85$


$\varepsilon = 0.05\sigma $


$(y,p_y)\in [-0.5,1.0]\times [-0.75,0.75]$


$x=0$


$p_x=p_x(p_y,x,y,E)$


$t_{\mathrm {total}} = 10^5$


$N_{\mathrm {cross}} = 10^4$


$t_{\mathrm {total}} = 10^5$


$N_{\mathrm {cross}} = 10^4$


$(y, p_y)\in [-0.5, 1.0]\times [-0.75, 0.75]$


$x = 0$


$p_x = p_x(p_y, x, y, E)$


$E = 1/10$


$E = 1/9$


$E = 1/8$


$E = 1/7$


$E = 1/6$


$_2$


$\RTE = 2.5$


$400$


$\RTE (400)$


$10^9$


$x = 0$


$y = -0.15$


$p_y = 0$


$p_x = p_x(p_y, x, y, E)$


$E = 1/9$


$E = 1/8$


$E = 1/7$


$E=1/9$


$\RTE (400)$


$E=1/8$


$E=1/7$


$\RTE (400)$


$\RTE (400)$


$\RTE (400)$


$E = 1/9$


$E = 1/8$


$E = 1/7$


$\RTE (400)$


$E=1/9$


$\RTE (400)$


$_2$


$E=1/8$


$E=1/7$


$\RTE (400)$


$_2$


$\RTE (400)$


$\RTE (400) < 2$


$\RTE (400) > 3$


$E = 1/9$


$\RTE (400) \approx 1.8$


$\RTE (400) \approx 3.9$


$2 \leq \RTE (400) \leq 3$


$\tau $


\begin {align}Q(\tau ) = \frac {N_{\tau }}{N_t}, \label {Xeqn10-10}\end {align}


$N_{\tau }$


$\tau $


$N_t$


$\RTE (400) < 2$


$\RTE (400) > 3$


$Q(\tau )$


$Q(\tau ) \propto \tau ^{-\gamma }$


$E = 1/9$


$\gamma = 1.194(2)$


$E = 1/8$


$\gamma = 1.261(2)$


$E = 1/7$


$\gamma = 1.592(3)$


$Q(\tau )$


$Q(\tau ) \propto \mathrm {e}^{-\kappa \tau }$


$E = 1/9$


$\kappa = 0.2034(2)$


$E = 1/8$


$\kappa = 0.1660(2)$


$E = 1/7$


$\kappa = 0.1628(1)$


$Q(\tau )$


$\RTE (400) < 2$


\begin {align}\label {eq:gamma} Q(\tau ) \propto \tau ^{-\gamma },\end {align}


$\gamma = 1.194(2)$


$E=1/9$


$\gamma = 1.261(2)$


$E=1/8$


$\gamma = 1.592(3)$


$E=1/7$


$\RTE (400) > 3$


\begin {align}\label {eq:kappa} Q(\tau ) \propto \mathrm {e}^{-\kappa \tau },\end {align}


$\kappa = 0.2034(2)$


$E=1/9$


$\kappa = 0.1660(2)$


$E=1/8$


$\kappa = 0.1628(1)$


$E=1/7$


$\RTE (400) < 2$


$\RTE (400) > 3$


$\kappa $


$\gamma $


$\gamma = 1.96$


$\gamma = 3$


$\gamma $


$\gamma $


$1.5 \lesssim \gamma \lesssim 2.5$


$1.57$


$\gamma $


$1.19$


$1.59$


$0.9$


$2.3$


$1$


$2$


$\gamma $


$\kappa $


$E$


$\RTE < 2$


$\RTE > 3$


$1 - R^2$


$E \in [1/10,1/6]$


$\gamma $


$\kappa $


$\gamma $


$\RTE (400)<2$


$\kappa $


$\RTE (400)>3$


$1-R^2$


$\gamma $


$E$


$\gamma $


$\gamma $


$1-R^2$


$\gamma $


$\kappa $


$\kappa $


\begin {align*}T_c \sim \frac {1}{\kappa },\end {align*}


$\kappa $


$E$


$10^4$


$t_f = 10^4$


$\mathrm {SALI}(t_f) < 10^{-10}$


$n_c = 10^4$


$x = 0$


$p_x > 0$


$\RTE (n_c) > 2.5$


$E$


$1-R^2$


$\kappa $


$1.8$


$3.2$


$\gamma $


$\kappa $


$\rho _c$


$10^4$


$\RTE > 2.5$


$\mathrm {SALI}(t_f) < 10^{-10}$


$t_f = 10^4$


\begin {equation}\label {eq:ph} H(p,q,t) = \frac {p^{2}}{2} - M \cos q - A \cos \bigl (k(q-t)\bigr ),\end {equation}


$q$


$p$


$M$


$A$


$k$


$A=0$


$A \neq 0$


$A$


\begin {equation}T = \frac {2\pi }{k}. \label {Xeqn14-14}\end {equation}


$(q,p)$


$(q,p)$


$(q,p)$


\begin {equation}\tau = t, \label {Xeqn15-15}\end {equation}


$p_\tau $


\begin {equation}\vb {Q} = (q,\tau ), \qquad \vb {P} = (p, p_\tau ), \label {Xeqn16-16}\end {equation}


\begin {equation}K(q,\tau ,p,p_\tau ) = \frac {p^{2}}{2} + p_\tau - M \cos q - A \cos \bigl (k(q-\tau )\bigr ). \label {Xeqn17-17}\end {equation}


\begin {align}\dot {q} &= \frac {\partial K}{\partial p} = p, \\ \dot {p} &= -\frac {\partial K}{\partial q} = -M \sin q - Ak \sin \bigl (k(q-\tau )\bigr ), \\ \dot {\tau } &= \frac {\partial K}{\partial p_\tau } = 1, \\ \dot {p}_\tau &= -\frac {\partial K}{\partial \tau } = Ak \sin \bigl (k(q-\tau )\bigr ).\end {align}


$\tau (t) = t + \tau _{0}$


$\tau _{0}=0$


\begin {equation}K(\vb {Q}, \vb {P}) = T(\vb {P}) + V(\vb {Q}), \label {Xeqn18-22}\end {equation}


\begin {equation}T(\vb {P}) = \frac {p^{2}}{2} + p_\tau , \label {Xeqn19-23}\end {equation}


\begin {equation}V(\vb {Q}) = - M \cos q - A \cos \bigl (k(q-\tau )\bigr ). \label {Xeqn20-24}\end {equation}


$(\tau ,p_\tau )$


$T = 2\pi /k$


$N_{\mathrm {cross}} = 10^4$


$(q, p)\in [-\pi , \pi ]^2$


$M = 1.0$


$k = 1.0$


$A = 0.092$


$A = 0.132$


$A = 0.248$


$(q,p)\in [-\pi ,\pi ]^2$


$A$


$A=0.092$


$A=0.132$


$A=0.248$


\begin {equation}\label {eq:3dof} \begin {aligned} &H(x, y, z, p_x, p_y, p_z) = \frac {1}{2}\qty (p_x^2 + p_y^2 + p_z^2) +\\ &\frac {1}{2}\qty (Ax^2 + By^2 + Cz^2) - \eta _1 xz^2 - \eta _2 yz^2, \end {aligned}\end {equation}


$A = 0.9$


$B = 0.4$


$C = 0.225$


$\eta _1 = 0.56$


$\eta _2 = 0.2$


$E = 0.00765$


$\lambda _1$


$\lambda _1$


$t_{\mathrm {total}} = 10^4$


$\sigma $


$N_{\mathrm {cross}} = 10^4$


$x$


$y = 0$


$z = 0$


$p_x = 0$


$p_y = 0$


$p_z = p_z(x, y, z, p_x, p_y, E) > 0$


$E = 0.00765$


$\lambda _1$


$\varepsilon $


$\varepsilon $


$\sigma $


$\lambda _1$


$t_{\mathrm {total}} = 10^4$


$N_{\mathrm {cross}} = 10^4$


$\mathrm {RR} = 0.01$


$(x, p_x) \in [-0.15, 0.15]^2$


$y = 0$


$z = 0$


$p_y = 0$


$p_z = p_z(x, y, z, p_x, p_y, E) > 0$


$E = 0.00765$


$x$


$y = 0$


$z = 0$


$p_x = 0$


$p_y = 0$


$p_z$


$p_z = p_z(x, y, z, p_x, p_y, E) > 0$


$z = 0$


$p_z > 0$


$(x_n, y_n, p_{x, n}, p_{y, n})$


$\lambda _1$


$\lambda _1 \approx 0$


$\lambda _1$


$\varepsilon /\sigma $


$0.6$


$0.8$


$\varepsilon $


$0.05\sigma $


$0.2\sigma $


$0.01$


$0.1$


$\varepsilon $


$\varepsilon = 0.01\sigma $


$\varepsilon $


$\varepsilon $


$\varepsilon $


$\varepsilon $


$\mathrm {RR} = 0.01$


$\lambda _1$


$(x, p_x) \in [-0.15, 0.15]^2$


$y = 0$


$z = 0$


$p_y = 0$


$p_z = p_z(x, y, z, p_x, p_y, E) > 0$


$\lambda _1$


$\lambda _1 \approx 0$


$\lambda _1$


$\RTE = 2.5$


$N_{\mathrm {cross}} = 10^4$


$E = 1/9$


$n$


$n$


$10^2$


$10^4$


$\varepsilon = 0.05\sigma $


$\mathrm {RR} = 0.01$


$n$


$E = 1/9$


$\varepsilon = 0.05\sigma $


$\mathrm {RR} = 0.01$


$n \approx 5\times 10^2$


$1.20$


$1.48$


$2$


$n = 10^2$


$5.7$


$n = 10^4$


$n \lesssim 2\times 10^2$


$n \approx 10^3$


$2.5$


$n \approx 3\times 10^3$


$n$


$n$


$N_{\mathrm {cross}} = 10^4$


$\RTE = 2.5$


$n \gtrsim 2.5\times 10^2$


$n$


$n$


$n \lesssim 1.2\times 10^2$


$n$
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used to characterize weak chaos and sticky dynamics, including finite–
time Lyapunov exponents [23–25], finite–time rotation numbers [26], 
finite–time Hurst exponent [27,28], recurrence–time statistics [29–32], 
and recurrence quantification analysis [33–35].

Recurrence plots provide a useful framework for this problem be-
cause they characterize the recurrence structure of trajectories directly 
from time series [36]. Given a trajectory in phase space, a recurrence 
plot encodes the pairs of times for which the orbit returns close to pre-
viously visited states. Different dynamical regimes produce different re-
currence structures [33,34,37–39]: regular trajectories are associated 
with long and coherent diagonal patterns, chaotic trajectories display 
shorter and more fragmented structures, and sticky trajectories typi-
cally exhibit intermediate patterns reflecting their intermittent charac-
ter. These features make recurrence–based methods particularly suitable 
for detecting dynamical transitions and weakly chaotic behavior.

Among recurrence–based measures, quantities derived from re-
currence times are especially relevant for mixed Hamiltonian sys-
tems. In low-dimensional quasiperiodic dynamics, recurrence times 
are strongly constrained, whereas chaotic motion typically produces 
broader and more irregular recurrence–time distributions. The recur-
rence time entropy (RTE) was originally introduced independently of 
recurrence plots [40] and was later shown to provide an estimate of the 
Kolmogorov–Sinai entropy from recurrence times [41]. More recently, 
RTE-based approaches have been used to characterize weakly chaotic 
trajectories in two–dimensional area–preserving maps [38,42,43], frac-
tional maps [28], and continuous-time systems [44].

In this work, we extend this recurrence–based characterization to 
Hamiltonian flows. We first use the Hénon–Heiles Hamiltonian as a 
paradigmatic autonomous system with two degrees of freedom and com-
pute the RTE from successive crossings of a Poincaré surface of section. 
This allows us to compare the RTE directly with the largest Lyapunov 
exponent and to test whether recurrence–time statistics reproduce the 
mixed phase space structure of the system. We additionally compare 
the proportion of chaotic trajectories identified by the RTE with that ob-
tained from the smaller alignment index (SALI) across different energies. 
We also analyze the finite–time RTE along individual chaotic trajecto-
ries, identify the phase space regions responsible for low– and high–RTE 
episodes, and compute the corresponding distributions of episode dura-
tions. Finally, we consider a periodically driven one-degree-of-freedom 
Hamiltonian and compute the RTE from its stroboscopic map. This sec-
ond example allows us to verify whether the same recurrence–based 
diagnostic works in a different Hamiltonian setting.

Our results show that the RTE distinguishes regular islands from 
chaotic regions, detects the sticky transition layers that surround them, 
which we identify by the intermediate values assumed by the RTE, and 
captures intermittent trapping episodes along chaotic trajectories. In the 
Hénon–Heiles system, the RTE reproduces the main phase space struc-
tures observed through the largest Lyapunov exponent and exhibits a 
strong positive correlation with it. Moreover, the proportion of chaotic 
trajectories identified by the RTE is consistent with that obtained from 
the SALI across the energy range investigated. The finite–time anal-
ysis further reveals that low–RTE episodes are localized near regular 
islands and produce algebraic trapping–time statistics, whereas high–
RTE episodes are associated with extended exploration of the chaotic 
component and produce exponentially decaying duration distributions. 
The application to the periodically driven Hamiltonian confirms that 
the same recurrence–time characterization is not specific to the Hénon–
Heiles model.

This paper is organized as follows. In Section 2, we introduce the 
Hénon–Heiles Hamiltonian and describe the Poincaré surface of section 
used in the analysis. In Section 3, we recall the recurrence-plot construc-
tion and define the recurrence time entropy used throughout the paper. 
In Section 4, we apply the RTE to the Hénon–Heiles system, compare it 
with the largest Lyapunov exponent, compare the proportion of chaotic 
trajectories with the SALI, and analyze finite–time RTE fluctuations and 
trapping–time statistics. In Section 5, we apply the same recurrence–

based analysis to a periodically driven Hamiltonian system using its 
stroboscopic map. In Section 6, we extend the analysis to a Hamiltonian 
system with three degrees of freedom, whose surface of section is four–
dimensional. Finally, Section 7 summarizes our results. The dependence 
of the RTE on the length of the time series is examined in Appendix A.

2.  The Hénon–Heiles Hamiltonian

The Hénon–Heiles system [45] is one of the most paradigmatic mod-
els for autonomous, two–degrees–of–freedom Hamiltonian systems. It is 
a simplified model for the planar motion of a star in an axisymmetric 
galactic potential, originally introduced to investigate the existence of 
a third integral of motion. The potential of the Hénon–Heiles system is 
given by:

𝑉 (𝑥, 𝑦) = 1
2
(𝑥2 + 𝑦2) + 𝑥2𝑦 −

𝑦3

3
. (1)

It can be seen as two harmonic oscillators coupled by a perturba-
tion term 𝑥2𝑦 − 𝑦3∕3. The motion of a test particle with unit mass 
in the Hénon–Heiles potential is described by the following two–
degrees–of–freedom Hamiltonian function:

𝐻(𝑝𝑥, 𝑝𝑦, 𝑥, 𝑦) =
1
2
(𝑝2𝑥 + 𝑝2𝑦) +

1
2
(𝑥2 + 𝑦2) + 𝑥2𝑦 −

𝑦3

3
≡ 𝐸, (2)

where 𝐸 is the conserved total energy, and the equations of motion are
𝑥̇ = 𝑝𝑥, 𝑦̇ = 𝑝𝑦,

𝑝̇𝑥 = −𝑥 − 2𝑥𝑦, 𝑝̇𝑦 = −𝑦 − 𝑥2 + 𝑦2,
(3)

where the dot indicates derivative with respect to time. To solve the sys-
tem given in Eq. (3), we need first to find appropriate initial conditions 
for a given energy level 𝐸 using Eq. (2). This constraint reduces the di-
mensionality of the system from four to three. It follows from Eq. (2) 
that

𝑝𝑥(𝑝𝑦, 𝑥, 𝑦, 𝐸) = ±
√

2𝐸 − 𝑝2𝑦 − 𝑥2 − 𝑦2 − 2𝑥2𝑦 + 2
3
𝑦3. (4)

One can immediately see that this imposes a constraint on the allowed 
values of (𝑦, 𝑝𝑦): they need to be chosen in a way that 𝑝𝑥 is real. Addi-
tionally, Eq. (4) gives us two solutions: one positive and one negative. 
Throughout this paper, we consider the positive solution.

The Hénon–Heiles potential Eq. (1) has a finite energy threshold 
above which the test particles can escape to infinity. For values 𝐸 ≤ 1∕6, 
the equipotential curves are closed making the escape impossible. On 
the other hand, for larger energy values (𝐸 > 1∕6), the equipotential 
curves are open and the particles can escape to infinity through three 
exit channels. In this paper, we are not interested in studying the escape 
of particles in the Hénon–Heiles system, and, therefore, we restrict our 
analysis to 𝐸 < 1∕6. We refer the reader to refs. [46–48] and references 
therein for a survey and recent results on this subject.

In order to numerically integrate the equations of motion, we employ 
the fourth–order Yoshida symplectic integrator [49], with the second–
order velocity–Verlet integrator [50] as the underlying second order 
step. Throughout this paper, we consider a fixed time step of 𝑑𝑡 = 0.01
which ensures that the relative energy error, defined by

𝐸𝑟(𝑡) =
|

|

𝐸(𝑡) − 𝐸0
|

|

𝐸0
, (5)

remains below 10−8 and bounded.
Fig. 1 shows the Poincaré surface of section (PSS) for the Hénon–

Heiles system defined by 𝑥 = 0 and 𝑝𝑥 > 0 for different energy values. 
For low energies, the phase space is dominated by invariant tori and the 
motion is predominantly regular [Fig. 1(a)]. As the energy increases, 
resonant island chains, chaotic layers, and extended chaotic seas be-
come progressively more prominent [Fig. 1(b)–(d)]. Yet, even when 
a sizable chaotic component is present, the dynamics is far from uni-
formly chaotic [Fig. 1(e)]. Chaotic trajectories may spend very long 
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Fig. 1. The Poincaré surface of section (PSS) of the Hénon–Heiles system for 𝑥 = 0 and 𝑝𝑥 > 0 for (a) 𝐸 = 1∕10, (b) 𝐸 = 1∕9, (c) 𝐸 = 1∕8, (d) 𝐸 = 1∕7, and (e) 𝐸 = 1∕6.

times trapped near the boundaries of regular islands, displaying inter-
mittent alternation between seemingly regular episodes and irregular 
bursts. This sticky motion is one of the clearest manifestations of weak 
chaos in mixed Hamiltonian phase spaces.

These features make the Hénon–Heiles system an ideal benchmark 
for testing quantitative indicators of weakly chaotic dynamics for two–
degrees–of–freedom Hamiltonian system. The presence of islands in 
phase space automatically implies a form of non-ergodicity, since tra-
jectories in the chaotic sea cannot enter the islands, and trajectories 
inside the islands cannot access the chaotic region. Nevertheless, even 
when considering only the chaotic component of phase space, inter-
mittent trapping near sticky regions effectively makes the dynamics 
pseudo–ergodic [51]. A visual inspection of the Poincaré section re-
veals the global organization of phase space, but it does not provide 
a direct characterization of the temporal complexity of individual tra-
jectories, nor does it quantify the intermittent recurrence patterns asso-
ciated with stickiness. For that, one needs a dynamical measure capa-
ble of distinguishing regular motion, strongly chaotic transport, and the 
long-lived trapping events typical of weak chaos. In Section 3, we recall 
the recurrence-plot construction [36] and define the recurrence time en-
tropy used in this work [40,41,52], which is based on the statistics of 
recurrence times and provides a sensitive tool to characterize weakly 
chaotic trajectories.

3.  Recurrence plots and recurrence time entropy

The recurrence plot (RP) was introduced in 1987 by Eckmann et 
al. [36] as a graphical representation of the recurrences of time series of 
dynamical systems in its 𝑑-dimensional phase space. For a given trajec-
tory 𝐱𝑖 ∈ ℝ𝑑 (𝑖 = 1, 2,… , 𝑁) of length 𝑁 , the 𝑁 ×𝑁 recurrence matrix 
is defined as
𝑅𝑖𝑗 = 𝐻

(

𝜀 − ‖𝐱𝑖 − 𝐱𝑗‖
)

, (6)

where 𝐻(⋅) is the Heaviside unit step function, 𝜀 is a small threshold 
and ‖𝐱𝑖 − 𝐱𝑗‖ is the distance between states 𝐱𝑖 and 𝐱𝑗 in phase space 
measured in terms of a suitable norm. The most commonly used norms 
are the Euclidean norm and the maximum (or supremum) norm, defined 
as

‖𝐱‖2 =
( 𝑑
∑

𝑖=1

|

|

𝑥𝑖||
2
)1∕2

, ‖𝐱‖∞ = max
𝑖

(

|

|

𝑥𝑖||
)

, (7)

respectively. Both of these norms yield similar results. However, the 
maximum norm is computationally faster and it results in more recur-
rent points for a fixed threshold 𝜀 [37]. Therefore, throughout this paper, 
we use the maximum norm.

The recurrent states are represented by the value 1 in the symmetric, 
binary recurrence matrix 𝐑, whereas the nonrecurrent ones are repre-
sented by the value 0. Since it is numerically impossible to find exactly
recurrent states, i.e., 𝐱𝑖 = 𝐱𝑗 , two states are said to be recurrent if they 

are sufficiently close to each other up to a distance 𝜀. The distance 𝜀
has to be carefully chosen. If 𝜀 is set too large, nearly every state is 
recurrent with every other state. On the other hand, if 𝜀 is chosen too 
small, there will be few recurrent states. Hence, a compromise has to 
be made between choosing 𝜀 as small as possible while resulting in a 
sufficient number of recurrent states. There is no general rule on choos-
ing 𝜀. However, a few options have been proposed in the literature and 
each one of them has its own advantages and disadvantages depending 
on the purpose of the study. For instance, an alternative is to choose 
𝜀 such that the recurrence point density, i.e., the recurrence rate, is 
fixed [52,53]. While this eliminates the issue of obtaining few recur-
rent states, it only shifts the problem to finding the optimal value of 
the recurrence rate. Another possibility is to define 𝜀 as a fraction of 
the time series standard deviation [37,54,55]. This has been proved ef-
ficient when distinguishing between dynamical regimes and analyzing 
dynamical transition [38,42,56,57]. Therefore, unless otherwise stated, 
we set the threshold to be a small percentage of the time series standard 
deviation: 𝜀 = 0.05𝜎.

Graphically, recurrent states are represented by colored dots, and 
the recurrence matrix displays characteristic patterns that depend on 
the nature of the underlying dynamics. These patterns are mainly orga-
nized into four basic structures: (i) isolated recurrence points, (ii) diag-
onal lines, (iii) vertical lines, and (iv) white vertical gaps corresponding 
to non-recurrent states. Several quantitative measures have been intro-
duced based on these structures, and together they constitute what is 
known as recurrence quantification analysis (RQA). For detailed discus-
sions of RQA and its applications, we refer the reader to refs. [37,58–60] 
and the references therein. To construct the recurrence matrix, instead 
of using the full trajectory (𝑥(𝑡), 𝑦(𝑡), 𝑝𝑥(𝑡), 𝑝𝑦(𝑡)) in phase space, we re-
strict the dynamics to the PSS defined by 𝑥 = 0 and 𝑝𝑥 > 0, and then con-
sider the corresponding sequence of intersection points (𝑦𝑛, 𝑝𝑦,𝑛). That is, 
the recurrence analysis is performed on the two–dimensional sequence 
generated by successive crossings of the chosen surface of section. We 
emphasize that no phase space reconstruction is involved. Delay em-
bedding is required when only a scalar observable is measured and the 
phase space has to be reconstructed from it Marwan et al. [37]. In our 
case the state of the system is known at every crossing, so that the re-
currence matrix is computed directly from the sequence of state vectors. 
This is also advantageous, since embedding may introduce spurious cor-
relations that are reflected in the RP and affect the quantification of its 
structures [37].

Fig. 2(a) shows three representative trajectories of the Hénon–Heiles 
system at 𝐸 = 1∕9, while Fig. 2(b)–(d) display the corresponding re-
currence matrices obtained from the first 2000 crossings of the chosen 
PSS. The blue trajectory in Fig. 2(a) is quasi-periodic, and its recurrence 
matrix [Fig. 2(e)] is dominated by long, nearly uninterrupted diagonal 
lines, as expected for highly regular motion. By contrast, the red tra-
jectory is chaotic, and its recurrence matrix [Fig. 2(d)] is characterized 
by much shorter diagonal segments, reflecting the stronger irregularity 
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Fig. 2. Example of a (a) chaotic (in red), (b) quasi-periodic (in blue), and (c) sticky trajectory (in green). (d)–(f) The respective recurrence matrices. The energy level 
is 𝐸 = 1∕9 and the initial conditions are (red) (𝑥, 𝑦, 𝑝𝑥, 𝑝𝑦) = (0.0,−0.15, 𝑝𝑥, 0.0), (blue) (𝑥, 𝑦, 𝑝𝑥, 𝑝𝑦) = (0.0, 0.0, 𝑝𝑥, 0.0), and (green) (𝑥, 𝑦, 𝑝𝑥, 𝑝𝑦) = (0.0,−0.125, 𝑝𝑥,−0.127), 
with 𝑝𝑥 calculated according to Eq. (4).

of the underlying dynamics. The intermediate case is the sticky trajec-
tory, shown in green in Fig. 2(a). In this case, the orbit remains tem-
porarily trapped near the regular structures located between the lower 
period-1 island and its period-6 satellite islands before exploring a wider 
chaotic region. Accordingly, its recurrence matrix [Fig. 2(f)] exhibits di-
agonal lines of intermediate length: longer than those of the chaotic tra-
jectory, but shorter and less persistent than those of the quasi-periodic 
one. These examples illustrate that different dynamical regimes generate 
distinct recurrence patterns, which motivates the use of RQA quantifiers 
for their characterization.

Among the many measures available in RQA, we are particularly 
interested in those that are sensitive to the temporal organization of re-
currence times. This is essential in mixed Hamiltonian systems, where 
weak chaos is typically associated with intermittency and stickiness, 
leading to broad and highly nonuniform distributions of recurrence 
times [15,18,31,32]. For this reason, we use the recurrence time en-
tropy (RTE), computed from the distribution of white vertical lines in 
the RP. The white vertical lines in an RP, i.e., the vertical gaps between 
two diagonal lines, provide an estimate of the recurrence times of a 
trajectory [33,34,41,61]. Therefore, the RTE is defined as the Shannon 
entropy of the distribution of white vertical lines:

RTE = −
𝓁max
∑

𝓁=𝓁min

𝑝(𝓁) log 𝑝(𝓁), (8)

where 𝓁min (𝓁max) is the length of the shortest (longest) white vertical 
line, 𝑝(𝓁) = 𝑃 (𝓁)∕  is the relative distribution of white vertical lines 
and   is the total number of white vertical line segments. Formally, 
𝑃 (𝓁) is defined as

𝑃 (𝓁) =
𝑁
∑

𝑖,𝑗=1
𝑅𝑖,𝑗−1𝑅𝑖,𝑗+𝓁

𝓁−1
∏

𝑘=0

(

1 − 𝑅𝑖,𝑗+𝑘
)

. (9)

The evaluation of the histogram given by Eq. (9) should be done care-
fully. Due to the finite size of an RP, the distribution of white vertical 
lines might be biased by the border lines, i.e., the lines that begin and 
end at the borders of an RP. These lines are cut short by the borders of 
the RP and their length is measured incorrectly. This influences mea-
sures such as the RTE [62]. To avoid such border effects, we exclude 

from the distribution the white vertical lines that begin and end at the 
border of the RP.

The choice of the RTE among the RQA quantifiers is supported by 
previous comparisons. For the standard map, the Pearson correlation 
coefficient between the largest Lyapunov exponent and eleven RQA 
quantifiers has been computed from time series of length 𝑁 = 5000 in 
ref. [63], and the determinism and the RTE yielded the largest correla-
tions in absolute value, −0.96 and 0.95, respectively. The RTE has also 
been employed together with the recurrence rate and the determinism to 
characterize transitions between dynamical regimes [44], and together 
with the Hurst exponent, a quantifier that is not derived from RPs, to 
characterize weak chaos in fractional maps, where both assume lower 
values in the weakly chaotic regions [28].

4.  Characterization of weakly chaotic dynamics

In this section, we apply the RTE to the PSS of the Hénon–Heiles 
Hamiltonian and show that it distinguishes regular from chaotic mo-
tion while also capturing weakly chaotic dynamics. As a benchmark, we 
compare it with the largest Lyapunov exponent (LLE).

Fig. 3(a) shows the LLE, and Fig. 3(b) and (c) show the RTE, both 
computed as functions of 𝑦 for fixed 𝑥 = 0, 𝑝𝑦 = 0, and 𝐸 = 1∕8. For the 
LLE we consider a total integration time of 𝑡total = 105 and 𝑁cross = 104

for the RTE. This value of 𝑁cross is used throughout the paper, and the 
dependence of the RTE on the number of crossings is examined in A. We 
also compute the RTE for different values of the recurrence threshold 𝜀, 
determined in the two ways discussed above: as a fraction of the time se-
ries’ standard deviation [Fig. 3(b)] and by imposing a fixed recurrence 
rate [Fig. 3(c)]. The results show a clear positive correlation between 
the two quantities. In regions where 𝜆1 > 0, the RTE takes relatively 
large values, consistent with chaotic dynamics. By contrast, within reg-
ular regions, where 𝜆1 is close to zero, the RTE remains small. Although 
changing the threshold modifies the numerical values of the RTE, es-
pecially in the chaotic regions, it does not alter its qualitative depen-
dence on 𝑦, and this holds for both methods. This indicates that the 
RTE is robust with respect to the choice of threshold and captures the 
main dynamical structures of the system in a way consistent with the 
LLE. This agreement is quantified in Fig. 3(d), where we show the Pear-
son correlation coefficient between the LLE and the RTE obtained for
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Fig. 3. (a) The largest Lyapunov exponent for 𝑡total = 105, and the RTE for 𝑁cross = 104 with the threshold determined (b) as a fraction of the time series’ standard 
deviation, 𝜎, and (c) by imposing a fixed recurrence rate, RR, as a function of 𝑦 with 𝑥 = 𝑝𝑦 = 0 and 𝑝𝑥 = 𝑝𝑥(𝑝𝑦, 𝑥, 𝑦, 𝐸) [Eq. (4)] for 𝐸 = 1∕8. The horizontal dashed 
black line in panel (b) corresponds to the value of RTE = 2.5, which will be used as the threshold for chaos detection in later sections. (d) The Pearson correlation 
coefficient between 𝜆1 and the RTE for the two methods of determining 𝜀. Each method has its own abscissa: the circles (red) are read on the bottom axis, which 
gives 𝜀 in units of 𝜎, and the squares (blue) are read on the top axis, which gives the imposed recurrence rate. The two quantities are distinct parameters that happen 
to span the same numerical range, and the abscissa must not be read as a common scale.

Fig. 4. (Top row) The largest Lyapunov exponent for 𝑡total = 105 and (bottom row) the RTE for 𝑁cross = 104 calculated in a grid of initial conditions uniformly 
distributed in (𝑦, 𝑝𝑦) ∈ [−0.5, 1.0] × [−0.75, 0.75] with 𝑥 = 0 and 𝑝𝑥 = 𝑝𝑥(𝑝𝑦, 𝑥, 𝑦, 𝐸) [Eq. (4)] for (a) 𝐸 = 1∕10, (b) 𝐸 = 1∕9, (c) 𝐸 = 1∕8, (d) 𝐸 = 1∕7, and (e) 𝐸 = 1∕6.

different threshold values and for both methods. Since the two meth-
ods are parametrized by different quantities, each of them is read on its 
own abscissa in this panel: the circles correspond to the threshold set 
as a fraction of the standard deviation and are read on the bottom axis, 
which gives 𝜀∕𝜎, whereas the squares correspond to the imposed recur-
rence rate and are read on the top axis, which gives RR. The correlation 
is high in all cases: it always exceeds 0.94 when 𝜀 is set as a fraction of the 

standard deviation and 0.85 when it is set by fixing the recurrence rate, 
which confirms that the two measures display very similar variations 
along the scanned initial conditions regardless of how the threshold is 
chosen. The largest correlation is found for 𝜀 = 0.05𝜎, which is the value 
adopted throughout this paper, indicating that this choice of threshold 
yields the closest correspondence between the recurrence–time statistics 
and the instability measured by the LLE. We return to the comparison 
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Fig. 5. (Top row) The finite time RTE time series and (bottom row) the probability distribution of their values for 𝑥 = 0, 𝑦 = −0.15, 𝑝𝑦 = 0 and 𝑝𝑥 = 𝑝𝑥(𝑝𝑦, 𝑥, 𝑦, 𝐸)
[Eq. (4)] with (a) 𝐸 = 1∕9, (b) 𝐸 = 1∕8, and (c) 𝐸 = 1∕7.

between the two methods in Section 6, for a system whose surface of 
section is four–dimensional and where the choice of the threshold plays 
a more visible role.

To further examine the correspondence between the LLE and the 
RTE, we compute both quantities on a grid of uniformly distributed ini-
tial conditions in (𝑦, 𝑝𝑦) ∈ [−0.5, 1.0] × [−0.75, 0.75], with 𝑥 = 0 and 𝑝𝑥 =
𝑝𝑥(𝑝𝑦, 𝑥, 𝑦, 𝐸), for five energy values and 𝑡total = 105 and 𝑁cross = 104, re-
spectively. The results are shown in Fig. 4, where the top row displays 
the LLE and the bottom row the RTE. The two measures identify the 
same main phase space structures. The RTE, however, exhibits a higher 
variation in the chaotic region, due to the RTE being more sensitive 
to the trapping regions. Regular islands are associated with small val-
ues of both the LLE and the RTE, whereas the chaotic sea is charac-
terized by larger values. As the energy increases, the regular regions 
shrink and the chaotic component expands, and this trend is captured 
consistently by both indicators. Near the borders of the regular islands, 
the RTE typically assumes intermediate values, reflecting the weakly 
chaotic dynamics that arises in these sticky transition regions. We use 
the term sticky transition layer to designate the set of initial conditions 
whose RTE takes values intermediate between those attained inside the 
regular islands and those of the chaotic sea. These layers are directly vis-
ible in Fig. 4(d2), where the chaotic sea appears in red and the regular 
islands in dark blue, and a narrow green band, corresponding to inter-
mediate values of the RTE, traces the boundary of every island. The 
threshold RTE = 2.5, adopted below to classify trajectories as regular or 
chaotic, lies above the values found inside the islands and below those 
of the transition layers, so that the latter are classified as chaotic, as they 
should be, since sticky orbits are chaotic orbits temporarily trapped near 
regular structures. This global agreement supports the use of the RTE as 
a recurrence–based indicator of the mixed phase space structure in the 
Hénon–Heiles system.

We now analyze the temporal fluctuations of the RTE along a single 
chaotic trajectory. For this purpose, we compute the finite–time RTE in 
consecutive windows of 400 crossings of the PSS, obtaining a time se-
ries RTE(400) for each energy. The total length of each trajectory is 109
crossings. The results are shown in the top row of Fig. 5. For all three 
energies, the finite–time RTE displays strong fluctuations, with abrupt 
drops from large values to smaller ones. These drops indicate time in-
tervals in which the recurrence–time statistics become less complex, as 
expected when the chaotic trajectory is temporarily trapped near regu-

lar islands or close to their hierarchical structures. Therefore, the finite–
time RTE does not only separate regular and chaotic regions globally, as 
in Fig. 4, but also resolves the intermittent changes in the local character 
of a single chaotic trajectory.

The probability distributions shown in the bottom row of Fig. 5 make 
this intermittency clearer. For 𝐸 = 1∕9, the distribution is broad and dis-
plays several local maxima, especially at smaller and intermediate val-
ues of RTE(400). This indicates that the trajectory alternates between 
intervals of extended exploration of the chaotic component and inter-
vals of temporary trapping near regular structures, producing distinct 
recurrence–time statistics over finite windows. As the energy increases 
to 𝐸 = 1∕8 and 𝐸 = 1∕7, the distribution becomes increasingly domi-
nated by large values of RTE(400), while the relative weight of the low–
RTE events decreases. This is consistent with the enlargement of the 
chaotic component observed in Fig. 4: the trajectory spends a larger 
fraction of time in regions with high recurrence–time complexity, but 
still exhibits intermittent visits to sticky regions, visible as the low–RTE 
tail of the distributions.

The important point is that the finite–time RTE converts the qual-
itative notion of stickiness into a measurable time-dependent signal. 
Large values of RTE(400) correspond to intervals in which the orbit ex-
plores the chaotic sea and the recurrence times are broadly distributed. 
Smaller values correspond to intervals in which the orbit is temporarily 
trapped near regular structures, so that the recurrence–time distribu-
tion becomes less complex. The coexistence of these regimes produces 
the asymmetric and, in some cases, multimodal distributions observed 
in Fig. 5. This behavior is analogous to what has been reported for two–
dimensional area–preserving maps, where finite–time RTE distributions 
become multimodal in the presence of sticky motion and the different 
peaks are associated with different levels of the islands-around-islands 
hierarchy [38,42,43]. In the next step, we use this finite–time signal to 
identify the phase space regions responsible for the low– and high–RTE 
episodes and to quantify the corresponding trapping–time statistics.

To identify where the different values of the finite–time RTE are gen-
erated in phase space, Fig. 6 shows the PSS points associated with the 
same trajectory used in Fig. 5, colored according to the value of RTE(400)
computed in each finite–time window. For each energy, the first panel 
gives a global view of the chaotic component, while the following panels 
show magnifications of regions surrounding regular islands. This rep-
resentation connects the temporal fluctuations of Fig. 5 with the corre-
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Fig. 6. PSS points of the chaotic trajectory used in Fig. 5, colored according to the finite–time value of RTE(400). Panels (a)–(d), (e)–(h), and (i)–(l) correspond to 
𝐸 = 1∕9, 𝐸 = 1∕8, and 𝐸 = 1∕7, respectively. For each energy, the first panel shows a global view of the explored chaotic component, while the remaining panels 
show magnifications of regions near regular islands and their surrounding sticky layers.

sponding phase space structures. For 𝐸 = 1∕9 [Fig. 6(a)–(d)], the chaotic 
trajectory visits a broad chaotic layer but also spends long intervals 
near the boundaries of regular islands. The regions close to the islands 
are predominantly associated with smaller and intermediate values of 
RTE(400), whereas larger values occur when the trajectory explores the 
surrounding chaotic sea. The magnifications show that these low– and 
intermediate–RTE values are not randomly distributed: they are orga-
nized around the island boundaries and along thin structures associated 
with the sticky region. This explains the broad and structured distribu-
tion observed in Fig. 5(a2).

The same mechanism persists for 𝐸 = 1∕8 [Fig. 6(e)–(h)]. The 
chaotic component is larger, but the finite–time RTE still decreases near 
regular islands. Therefore, even though the trajectory is chaotic, its 
recurrence–time statistics are strongly affected by temporary trapping 
near regular structures. The magnified panels show layers of different 
RTE values around the islands, indicating that the finite–time RTE is 
sensitive not only to whether the orbit is in the chaotic sea or near an is-
land, but also to different recurrence regimes within the sticky layer. For 
𝐸 = 1∕7 [Fig. 6(i)–(l)], the chaotic component occupies an even larger 
portion of the accessible PSS, and high values of RTE(400) dominate 
most of the explored region. Nevertheless, low– and intermediate–RTE 
episodes remain localized near regular structures and their surrounding 
sticky layers. This confirms that the low–RTE tail in Fig. 5(c2) is not a 
statistical artifact of the finite–time computation, but is generated by 
specific regions of the mixed phase space.

Overall, Fig. 6 shows that the finite–time RTE provides a phase space-
resolved description of stickiness. Large values of RTE(400) are associ-
ated with extended exploration of the chaotic component, while smaller 
values are concentrated near regular islands, where the trajectory un-
dergoes temporary trapping. Thus, the fluctuations and asymmetric dis-
tributions shown in Fig. 5 have a direct geometrical origin in the mixed 
structure of the PSS.

Having identified the phase space origin of the low– and high–RTE 
episodes, we now quantify how long the trajectory stays in each regime. 

We define low– and high–RTE episodes directly from the finite–time 
RTE time series: consecutive windows with RTE(400) < 2 are associated 
with trapping near regular structures, whereas consecutive windows 
with RTE(400) > 3 correspond to intervals of extended exploration of 
the chaotic component. These two values are read off the distributions 
shown in the bottom row of Fig. 5: for 𝐸 = 1∕9 the distribution is bi-
modal, with a secondary maximum near RTE(400) ≈ 1.8, associated with 
trapping, and a main maximum near RTE(400) ≈ 3.9, associated with 
chaotic exploration, separated by a minimum in between. The inter-
mediate band 2 ≤ RTE(400) ≤ 3 is deliberately left out of the classifica-
tion, so that only unambiguous episodes are counted. To avoid counting 
short-lived fluctuations, we only consider an episode when at least three 
consecutive windows satisfy the corresponding condition. For each case, 
we measure the duration 𝜏 of these episodes and compute the cumula-
tive distribution 
𝑄(𝜏) =

𝑁𝜏
𝑁𝑡

, (10)

where 𝑁𝜏 is the number of episodes with duration larger than 𝜏 and 𝑁𝑡
is the total number of episodes.

Fig. 7 shows 𝑄(𝜏) for the two regimes. For RTE(400) < 2 [Fig. 7(a)], 
the cumulative distributions display algebraic tails, 
𝑄(𝜏) ∝ 𝜏−𝛾 , (11)

with 𝛾 = 1.194(2) for 𝐸 = 1∕9, 𝛾 = 1.261(2) for 𝐸 = 1∕8, and 𝛾 = 1.592(3)
for 𝐸 = 1∕7. This power-law decay is the expected statistical signature of 
stickiness in mixed Hamiltonian systems: trapping events near regular 
structures do not have a characteristic time scale, and long episodes 
occur with non-negligible probability. By contrast, for RTE(400) > 3
[Fig. 7(b)], the cumulative distributions decay exponentially, 
𝑄(𝜏) ∝ e−𝜅𝜏 , (12)

with 𝜅 = 0.2034(2) for 𝐸 = 1∕9, 𝜅 = 0.1660(2) for 𝐸 = 1∕8, and 𝜅 =
0.1628(1) for 𝐸 = 1∕7. Therefore, the high–RTE episodes are character-
ized by a typical time scale, as expected for intervals in which the tra-
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Fig. 7. Cumulative distribution of episode durations for (a) RTE(400) < 2 and (b) RTE(400) > 3. In panel (a), the low–RTE episodes are associated with trapping 
near regular structures and 𝑄(𝜏) decays algebraically as 𝑄(𝜏) ∝ 𝜏−𝛾 , with (𝐸 = 1∕9) 𝛾 = 1.194(2), (𝐸 = 1∕8) 𝛾 = 1.261(2), and (𝐸 = 1∕7) 𝛾 = 1.592(3). In panel (b), the 
high–RTE episodes are associated with extended exploration of the chaotic component and 𝑄(𝜏) decays exponentially as 𝑄(𝜏) ∝ e−𝜅𝜏 , with (𝐸 = 1∕9) 𝜅 = 0.2034(2), 
(𝐸 = 1∕8) 𝜅 = 0.1660(2), and (𝐸 = 1∕7) 𝜅 = 0.1628(1).

jectory explores the more strongly chaotic part of the accessible compo-
nent.

The contrast between the algebraic decay for RTE(400) < 2 and the 
exponential decay for RTE(400) > 3 confirms that the finite–time RTE 
separates two dynamically distinct regimes, and this dichotomy has a di-
rect counterpart in the theory of transient chaos. For weakly chaotic sys-
tems, the invariant chaotic saddle can be split into a hyperbolic compo-
nent, whose escape and recurrence statistics decay exponentially, and a 
nonhyperbolic component, formed by the neighborhoods of the regular 
islands, which is responsible for the asymptotic power–law decay [8,9]. 
The two regimes identified by the finite–time RTE correspond to these 
two components. The high–RTE episodes are intervals in which the tra-
jectory evolves in the hyperbolic part of the chaotic component, where 
the motion decorrelates rapidly and the durations are exponentially dis-
tributed, whereas the low–RTE episodes are generated by trapping in the 
nonhyperbolic part, where partial transport barriers (cantori) and hier-
archical island chains constrain the motion and produce heavy–tailed 
statistics [11,13,15]. In this interpretation, 𝜅 plays the role of an escape 
rate associated with the hyperbolic component. Thus, the finite–time 
RTE not only identifies where stickiness occurs in phase space, but also 
recovers its characteristic trapping–time statistics.

Three elements support the identification of these episodes with 
stickiness. First, the low–RTE episodes are not distributed uniformly 
over the chaotic component: when projected back onto the PSS, they 
concentrate around the regular islands and their surrounding hierar-
chical structures (Fig. 6). Second, their durations follow the algebraic 
decay expected for trapping in a mixed phase space, whereas the dura-
tions of the high–RTE episodes decay exponentially (Fig. 7). Third, the 
multimodal structure of the finite–time RTE distributions (Fig. 5) are 
similar to the multimodal distributions of finite–time Lyapunov expo-
nents reported for systems with a hierarchy of islands [23,24], and the 
correspondence between the two has been established for the standard 
map [38], where the modes of the finite–time RTE distribution were as-
sociated with different hierarchical levels of the islands–around–islands 
structure.

It is instructive to compare the values of 𝛾 obtained here with those 
reported for area–preserving maps, for which the trapping statistics 
have been studied in detail. The Markov tree model of the islands–
around–islands hierarchy predicts 𝛾 = 1.96 [13], renormalization argu-
ments at the breakup of the golden mean torus predict 𝛾 = 3, and the 
scaling properties of self–similar island chains relate 𝛾 to the geome-
try of the hierarchy [51]. These mechanisms coexist in generic systems, 
and finite–time numerical estimates of 𝛾 are typically found in the in-
terval 1.5 ≲ 𝛾 ≲ 2.5 [30]. Furthermore, an asymptotically universal ex-
ponent close to 1.57 has been conjectured for two–degrees–of–freedom 
Hamiltonian systems, the system–dependent values obtained in finite–
time numerical experiments being attributed to the slow convergence 
towards this asymptotic regime [18]. The exponents obtained here are 
compatible with this scenario: for the three energies considered above 𝛾

lies between 1.19 and 1.59, and over the broader energy range examined 
below it varies between approximately 0.9 and 2.3, with most values ly-
ing between 1 and 2 (Fig. 8). We stress, however, that the durations 
measured here are those of the low–RTE episodes, defined through the 
finite–time RTE, and not Poincaré recurrence times to a fixed region of 
the PSS. The two quantities are closely related, since both measure how 
long a trajectory remains in the neighborhood of the regular structures, 
but they are not identical, and the recurrence time statistics are known 
to depend on the choice and on the size of the recurrence region [64,65]. 
The comparison above should therefore be understood at the level of the 
range of the exponents and of their qualitative behavior, and not as an 
identification of the two quantities.

To investigate how the statistical properties of these episodes change 
with the energy, we repeat the same procedure described above for a 
range of values 𝐸 ∈ [1∕10, 1∕6] and extract the corresponding exponents 
𝛾 and 𝜅 from fits to the cumulative distributions. The results are shown 
in Fig. 8. Panel (a) displays the exponent 𝛾 associated with the algebraic 
decay of low–RTE episodes [RTE(400) < 2], while panel (b) shows the 
exponent 𝜅 associated with the exponential decay of high–RTE episodes 
[RTE(400) > 3]. Panels (c) and (d) display the corresponding values of 
1 − 𝑅2 for the fits, where smaller values indicate better agreement be-
tween the fitted function and the data.

The behavior of 𝛾 in Fig. 8(a) is strongly nonmonotonic and ex-
hibits pronounced oscillations as the energy varies. This behavior is 
expected in mixed Hamiltonian systems because the phase space struc-
ture changes nontrivially with the energy. As 𝐸 increases, regular is-
lands deform, resonances appear and disappear, chaotic layers merge, 
and the hierarchy of sticky structures surrounding the islands is reorga-
nized. Since the exponent 𝛾 quantifies the long-tailed statistics of trap-
ping near these structures, even relatively small geometrical changes 
in phase space may significantly alter the measured value of the alge-
braic decay. Furthermore, the estimation of 𝛾 is intrinsically sensitive 
to the longest trapping events, which are comparatively rare and dom-
inate the tail of the distribution. Consequently, the power-law fitting 
is naturally less stable than the exponential case, as reflected by the 
larger fluctuations in 1 − 𝑅2 shown in Fig. 8(c), especially for energies 
where the sticky dynamics generates very long tails. This behavior is 
also consistent with the system dependence of the finite–time estimates 
of 𝛾 reported for area–preserving maps [18,30]. Here, the energy plays 
the role of a continuous control parameter, so that this dependence can 
be followed as the hierarchical organization of the phase space is pro-
gressively modified.

By contrast, the behavior of 𝜅 in Fig. 8(b) is considerably smoother 
and displays an overall decreasing trend with increasing energy. Since 
𝜅 acts as an escape rate from the strongly chaotic regime, it defines a 
characteristic time scale 

𝑇𝑐 ∼
1
𝜅
,
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Fig. 8. (a) The exponent 𝛾 [Eq. (11)] and (b) the exponent 𝜅 [Eq. (12)] as functions of the energy 𝐸. For each energy value, finite–time RTE time series were 
computed as in Fig. 5, and cumulative distributions of low– (RTE < 2) and high–RTE (RTE > 3) episodes were constructed as in Fig. 7. The corresponding exponents 
were extracted from fits to these distributions. Panels (c) and (d) show 1 − 𝑅2 for the fitted curves, where smaller values indicate better agreement between the fit 
and the data.

that measures the typical duration of high–RTE episodes. Therefore, the 
decrease of 𝜅 with energy implies that chaotic trajectories tend to remain 
for longer intervals in the strongly chaotic component as 𝐸 increases. 
This behavior is consistent with the global phase space evolution ob-
served in Fig. 4, where the chaotic component expands progressively 
with energy, and with Fig. 9, where the proportion of chaotic trajec-
tories increases with 𝐸. In other words, as the chaotic sea grows, tra-
jectories not only become more likely to be chaotic, but also tend to 
spend longer uninterrupted intervals exploring the strongly chaotic re-
gion before returning to sticky neighborhoods of regular islands. The 
small values of 1 − 𝑅2 shown in Fig. 8(d) further indicate that the expo-
nential description provides a robust characterization of the high–RTE 
episode statistics across the considered energy range. This is also consis-
tent with the identification of 𝜅 with an escape rate associated with the 
hyperbolic component of the chaotic saddle [8,9], which decreases as 
that component occupies a larger portion of the accessible phase space. 
We have also verified that these results do not depend on the particular 
values chosen to define the episodes: repeating the whole analysis with 
thresholds 1.8 and 3.2, which also lie within the minimum separating the 
two modes of the finite–time RTE distribution, leaves both exponents in 
the same range and preserves both the strong oscillations of 𝛾 with the 
energy and the overall decrease of 𝜅. The individual values change, as 
expected when the criterion that defines an episode is modified, but the 
conclusions drawn from Fig. 8 are unaffected.

Finally, we compare the ability of the RTE to distinguish chaotic 
from regular trajectories with a widely used variational chaos indicator, 
namely the smaller alignment index (SALI) [66,67]. The SALI quantifies 
chaos through the evolution of two initially independent deviation vec-
tors along the trajectory. For chaotic motion, the vectors tend to align 
exponentially fast with the most unstable direction, causing the SALI 
to decay toward zero, whereas for regular motion it fluctuates around 
nonzero values. Due to its effectiveness in distinguishing regular and 
chaotic dynamics, the SALI, as well as its generalization, the generalized 
alignment index (GALI), has been extensively tested and widely applied 
in Hamiltonian systems and nonlinear dynamics [68–72]. For this rea-
son, it is frequently adopted as a benchmark for chaos detection [73]. 
Its computation, however, requires the integration of both the orbit and 
the corresponding variational equations.

Fig. 9 shows the proportion of chaotic trajectories 𝜌𝑐 as a function 
of the energy, computed from an ensemble of 104 randomly selected 
initial conditions using both the RTE and the SALI. To classify trajecto-

Fig. 9. Proportion of chaotic orbits in an ensemble of 104 randomly selected ini-
tial conditions as a function of the energy, computed using the (green triangles) 
RTE and (red squares) SALI as chaos indicators. For SALI, each initial condi-
tion was evolved up to 𝑡𝑓 = 104 and classified as chaotic when SALI(𝑡𝑓 ) < 10−10. 
For the RTE, 𝑛𝑐 = 104 crossings of the Poincaré surface of section defined by 
𝑥 = 0 and 𝑝𝑥 > 0 were computed for each initial condition, and trajectories with 
RTE(𝑛𝑐 ) > 2.5 were classified as chaotic [see Fig. 3(b)].

ries, we adopt the following thresholds: trajectories with RTE > 2.5 are 
considered chaotic, while SALI trajectories satisfying SALI(𝑡𝑓 ) < 10−10

at 𝑡𝑓 = 104 are classified as chaotic. The agreement between the two 
methods is remarkably strong across the entire energy interval. Both 
indicators show the same overall trend: the proportion of chaotic trajec-
tories increases monotonically with the energy, reflecting the progres-
sive enlargement of the chaotic component of phase space as the regular 
regions shrink.

The close overlap between the two curves demonstrates that the 
RTE provides a classification of regular and chaotic dynamics consis-
tent with a well-established variational method. We emphasize that the 
purpose of this comparison is not to claim that the RTE outperforms 
the SALI. Rather, SALI is used here as a benchmark to validate the 
recurrence–based characterization. The main advantage of the RTE is 
methodological: unlike SALI and other variational indicators, it depends 
only on the trajectory time series and does not require the equations 
of motion to be differentiated or the Jacobian matrix to be computed. 
Therefore, the results of Fig. 9 indicate that the RTE can be used as 
a reliable alternative for distinguishing regular and chaotic dynamics 
while remaining applicable in situations where only temporal data are
available.
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5.  The paradigm Hamiltonian

We now use a second Hamiltonian model to verify that the RTE-
based characterization applied above is not specific to the Hénon–Heiles 
system. For this purpose, we consider the paradigm Hamiltonian in-
troduced by Escande [74], a periodically driven one-degree-of-freedom 
Hamiltonian that describes the motion of a particle interacting with two 
longitudinal waves. This model has been used as a minimal setting for 
studying universal aspects of Hamiltonian stochasticity, including KAM-
torus breakup, stochastic layers, resonance overlap, chaotic transport, 
and the transition to large–scale stochastic motion [74]. Its relevance 
comes from the fact that, despite its simple form, it contains two com-
peting resonant terms and displays the typical mixed phase space struc-
tures of typical Hamiltonian systems. Since the system is explicitly time 
dependent, it has one and a half degree of freedom. Its stroboscopic 
dynamics therefore provides a two–dimensional area–preserving repre-
sentation in which regular islands, chaotic layers, sticky regions, and 
mixed phase space structure can be directly visualized. This makes the 
paradigm Hamiltonian a natural second test case for the RTE.

The model is defined by

𝐻(𝑝, 𝑞, 𝑡) =
𝑝2

2
−𝑀 cos 𝑞 − 𝐴 cos

(

𝑘(𝑞 − 𝑡)
)

, (13)

where 𝑞 and 𝑝 are canonically conjugate variables, 𝑀 controls the am-
plitude of the static potential, 𝐴 controls the amplitude of the traveling-
wave perturbation, and 𝑘 is the wave number of the perturbation. For 
𝐴 = 0, the system reduces to the integrable pendulum Hamiltonian. For 
𝐴 ≠ 0, the time-periodic perturbation breaks part of the regular struc-
ture and generates a mixed phase space. Therefore, by varying 𝐴, one 
can move from nearly regular dynamics to increasingly chaotic dynam-
ics while keeping the model simple enough for a direct comparison with 
the Hénon–Heiles results.

To analyze the dynamics, we use the stroboscopic map obtained by 
sampling the trajectory at integer multiples of the forcing period

𝑇 = 2𝜋
𝑘
. (14)

The resulting map is area preserving and provides a natural two–
dimensional representation of the dynamics in the (𝑞, 𝑝) plane. The RTE 
is then computed from the sequence of stroboscopic points, in the same 
spirit as the PSS-based recurrence analysis used for the Hénon–Heiles 
system.

To integrate Eq. (13) with a symplectic scheme over very long times, 
it is convenient to rewrite the problem as an autonomous Hamiltonian 
system in an extended phase space. Since the original Hamiltonian de-
pends explicitly on time, it does not define an autonomous flow in the 
usual phase space (𝑞, 𝑝). As a consequence, the autonomous separable 
splitting used by the fourth–order Yoshida scheme is not directly avail-
able in the original (𝑞, 𝑝) phase space. The standard procedure is to pro-
mote time to a canonical coordinate.

We introduce a new coordinate
𝜏 = 𝑡, (15)

and its canonically conjugate momentum 𝑝𝜏 . The dynamics is then de-
scribed in the extended phase space with canonical variables
𝐐 = (𝑞, 𝜏), 𝐏 = (𝑝, 𝑝𝜏 ), (16)

and with autonomous Hamiltonian

𝐾(𝑞, 𝜏, 𝑝, 𝑝𝜏 ) =
𝑝2

2
+ 𝑝𝜏 −𝑀 cos 𝑞 − 𝐴 cos

(

𝑘(𝑞 − 𝜏)
)

. (17)

The corresponding Hamilton equations are

𝑞̇ = 𝜕𝐾
𝜕𝑝

= 𝑝, (18)

𝑝̇ = − 𝜕𝐾
𝜕𝑞

= −𝑀 sin 𝑞 − 𝐴𝑘 sin
(

𝑘(𝑞 − 𝜏)
)

, (19)

𝜏̇ = 𝜕𝐾
𝜕𝑝𝜏

= 1, (20)

𝑝̇𝜏 = − 𝜕𝐾
𝜕𝜏

= 𝐴𝑘 sin
(

𝑘(𝑞 − 𝜏)
)

. (21)

It follows immediately that 𝜏(𝑡) = 𝑡 + 𝜏0. Therefore, choosing 𝜏0 = 0 re-
covers the original time dependence, and the nonautonomous system 
is exactly embedded into an autonomous Hamiltonian flow with two 
degrees of freedom.

An important advantage of this formulation is that the extended 
Hamiltonian is separable. Indeed, it can be written as

𝐾(𝐐,𝐏) = 𝑇 (𝐏) + 𝑉 (𝐐), (22)

where

𝑇 (𝐏) = 𝑝2

2
+ 𝑝𝜏 , (23)

and

𝑉 (𝐐) = −𝑀 cos 𝑞 − 𝐴 cos
(

𝑘(𝑞 − 𝜏)
)

. (24)

Thus, the problem acquires the standard structure required by symplec-
tic splitting integrators. This decomposition shows that the extended 
system can be integrated with the same symplectic algorithms used for 
autonomous separable Hamiltonians. In particular, second order Strang 
splitting, also known as the leapfrog scheme, can be directly employed, 
and higher order compositions such as the Yoshida integrator can be 
constructed from it. The essential point is that the explicit time depen-
dence has been absorbed into the canonical pair (𝜏, 𝑝𝜏 ), restoring an 
autonomous symplectic structure in the extended phase space.

Fig. 10 shows the stroboscopic map and the corresponding RTE com-
puted on a grid of initial conditions in (𝑞, 𝑝) ∈ [−𝜋, 𝜋]2 for three values 
of the perturbation amplitude 𝐴. The purpose of this example is not to 
repeat the full finite–time analysis performed for the Hénon–Heiles sys-
tem, but to test whether the RTE also provides a meaningful recurrence–
based description in a different Hamiltonian model.

For the smallest perturbation, 𝐴 = 0.092 [Fig. 10(a)], the strobo-
scopic map in the top row is dominated by regular structures. A large 
central island is surrounded by a chaotic layer, while additional invari-
ant curves persist near the outer region. The RTE field in the bottom row 
reproduces this organization clearly: inside the regular island and along 
invariant curves, the RTE assumes small values, whereas the chaotic 
layer is associated with larger values. Thus, as in the Hénon–Heiles sys-
tem, low recurrence–time entropy identifies regular motion, while high 
recurrence–time entropy identifies chaotic transport.

Increasing the perturbation to 𝐴 = 0.132 [Fig. 10(b)] enlarges the 
chaotic component and deforms the central regular region. The RTE 
map follows this change: the high–RTE region expands, while low–RTE 
values remain localized inside the surviving regular islands. Interme-
diate RTE values appear near the borders of the islands, where sticky 
dynamics is expected. This shows that the RTE is not merely separating 
regular and chaotic regions; it also reflects the transition layers gener-
ated by the mixed phase space structure.

For the largest perturbation, 𝐴 = 0.248 [Fig. 10(c)], the chaotic sea 
occupies most of the central region, and only smaller regular islands 
remain visible. The corresponding RTE map is dominated by large val-
ues over the chaotic component, while the remaining islands and their 
immediate neighborhoods are marked by lower values. The agreement 
between the stroboscopic maps and the RTE fields confirms that the 
recurrence–time statistics recover the main geometrical structures of the 
phase space.

Therefore, Fig. 10 demonstrates that the RTE characterization is not 
specific to the Hénon–Heiles Hamiltonian. The same recurrence–based 
indicator identifies regular islands, chaotic seas, and sticky transition 
regions in a periodically driven Hamiltonian system. This supports the 
use of the RTE as a recurrence–based diagnostic for mixed Hamiltonian 
dynamics, both in autonomous systems with two degrees of freedom 
sampled on a PSS and in time-periodic systems with one degree of free-
dom represented by a stroboscopic map.
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Fig. 10. (Top row) The stroboscopic map sampled at multiples of the forcing period 𝑇 = 2𝜋∕𝑘 and (bottom row) the RTE calculated for 𝑁cross = 104 in a grid of 
initial conditions uniformly distributed in (𝑞, 𝑝) ∈ [−𝜋, 𝜋]2 for the paradigm Hamiltonian [Eq. (13)] with 𝑀 = 1.0, 𝑘 = 1.0, and (a) 𝐴 = 0.092, (b) 𝐴 = 0.132, and (c) 
𝐴 = 0.248.

6.  A three–degrees–of–freedom Hamiltonian system

The analysis presented so far has been restricted to systems whose 
surface of section is two–dimensional. In this section, we apply the 
same RTE–based characterization to a Hamiltonian system with three 
degrees of freedom, in order to verify whether the correspondence be-
tween the RTE and the largest Lyapunov exponent persists when the 
section becomes four–dimensional. We consider the following Hamilto-
nian [67,75]:
𝐻(𝑥, 𝑦, 𝑧, 𝑝𝑥, 𝑝𝑦, 𝑝𝑧) =

1
2

(

𝑝2𝑥 + 𝑝2𝑦 + 𝑝2𝑧
)

+

1
2
(

𝐴𝑥2 + 𝐵𝑦2 + 𝐶𝑧2
)

− 𝜂1𝑥𝑧
2 − 𝜂2𝑦𝑧

2,
(25)

which describes the motion in a galactic–type potential and has been 
used as a benchmark for chaos indicators in higher–dimensional Hamil-
tonian systems, in particular for the SALI [67]. In all our numerical sim-
ulations, we keep the parameters fixed at 𝐴 = 0.9, 𝐵 = 0.4, 𝐶 = 0.225, 
𝜂1 = 0.56, 𝜂2 = 0.2, with total energy 𝐸 = 0.00765, which are the same 
values considered in ref. [67]. The equations of motion are integrated 
with the same fourth–order Yoshida symplectic scheme and time step 
used in the previous sections.

We compute the largest Lyapunov exponent, 𝜆1, [Fig. 11(a)] and the 
RTE [Fig. 11(b) and (c)] as a function of 𝑥 for fixed 𝑦 = 0, 𝑧 = 0, 𝑝𝑥 = 0, 
𝑝𝑦 = 0, and 𝑝𝑧 determined by the total energy, 𝑝𝑧 = 𝑝𝑧(𝑥, 𝑦, 𝑧, 𝑝𝑥, 𝑝𝑦, 𝐸) >
0. The recurrence matrix, in this case, is constructed by restricting the 
dynamics to the PSS defined by 𝑧 = 0 and 𝑝𝑧 > 0, and then considering 
the corresponding sequence of intersection points (𝑥𝑛, 𝑦𝑛, 𝑝𝑥,𝑛, 𝑝𝑦,𝑛), i.e., 
the recurrence analysis is performed on the four–dimensional sequence 
generated by the successive crossings with the chosen surface of section. 
For such a multi–dimensional sequence, the threshold based on the stan-
dard deviation is defined using the largest standard deviation among the 
components of the sequence, and the distance between states is com-
puted with the maximum norm, as in the previous sections. Similarly to 
what we have seen in Fig. 3, both quantities show a clear correlation: 
large values of 𝜆1 are mirrored by large values of RTE, whereas the RTE 
is small wherever 𝜆1 ≈ 0.

The RTE values themselves depend on the threshold, but, as in 
the two–degrees–of–freedom case, the characterization of the dynamics 

does not. Fig. 11(d) shows the Pearson correlation coefficient between 
𝜆1 and the RTE for both methods, each read on its own abscissa, as 
in Fig. 3(d): the circles are read on the bottom axis, which gives 𝜀∕𝜎, 
and the squares on the top axis, which gives RR. The correlation lies 
between approximately 0.6 and 0.8 for 𝜀 between 0.05𝜎 and 0.2𝜎 and 
for RR between 0.01 and 0.1, that is, over a broad range of thresholds 
and for two entirely different ways of prescribing them. This is con-
sistent with what has been reported for area–preserving maps, where 
the choice of 𝜀 was also found not to be critical [38]. The only excep-
tion occurs at the smallest threshold, 𝜀 = 0.01𝜎, for which the correla-
tion becomes slightly negative. This is a consequence of the dimension 
of the section. The recurrence rate obtained for a given threshold cor-
responds to the correlation sum of the sequence of crossings [37], and 
therefore, for a fixed threshold, the number of recurrent states decreases 
as the correlation dimension of the set explored by the trajectory in the 
section increases [37,76]. Regular orbits lie on three–dimensional in-
variant tori, which intersect the section on a two–dimensional surface, 
whereas chaotic orbits fill a four–dimensional region. For the same 𝜀, 
chaotic orbits therefore produce far fewer recurrent states than regular 
ones. If 𝜀 is chosen too small, there are almost no recurrence points and 
nothing can be learned about the recurrence structure of the underly-
ing system [37]. In a four–dimensional section this happens first for the 
chaotic orbits, whose recurrence structure is essentially destroyed while 
the regular ones still recur, so that the RTE in the chaotic regions be-
comes comparable to the one obtained in the regular regions, as can be 
seen in Fig. 11(b). In a two–dimensional section this does not happen, 
since the difference in dimension between the sets explored by regular 
and chaotic orbits is smaller. The practical consequence is simply that 
the threshold should not be taken exceedingly small when the section 
is higher–dimensional, in accordance with the general observation that 
the choice of 𝜀 depends strongly on the system under study [37]. Fixing 
the recurrence rate ensures this automatically, since 𝜀 is then adjusted 
for each trajectory so as to produce a prescribed number of recurrent 
states, which preserves the recurrence point density and allows the com-
parison of RPs of different systems without normalizing the time series 
beforehand [37], and it is for this reason that we have used RR = 0.01
in Fig. 11(f), as an illustration that the characterization does not depend 
on the particular way in which the threshold is chosen.
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Fig. 11. (a) The largest Lyapunov exponent, 𝜆1, for 𝑡total = 104, (b) and (c) the RTE for different threshold values based on the time series’ standard deviation, 𝜎, and 
based on a fixed recurrence rate, RR, respectively, for 𝑁cross = 104, as a function of 𝑥 for 𝑦 = 0, 𝑧 = 0, 𝑝𝑥 = 0, 𝑝𝑦 = 0, 𝑝𝑧 = 𝑝𝑧(𝑥, 𝑦, 𝑧, 𝑝𝑥, 𝑝𝑦, 𝐸) > 0, and 𝐸 = 0.00765. (d) 
The Pearson correlation coefficient between 𝜆1 and the RTE for the two methods of determining 𝜀. Each method has its own abscissa: the circles (red) are read on 
the bottom axis, which gives 𝜀 in units of 𝜎, and the squares (blue) are read on the top axis, which gives the imposed recurrence rate. The two quantities are distinct 
parameters that happen to span the same numerical range, and the abscissa must not be read as a common scale. (e) and (f) 𝜆1 for 𝑡total = 104 and RTE for 𝑁cross = 104

with RR = 0.01, respectively, in a grid of initial conditions uniformly distributed in (𝑥, 𝑝𝑥) ∈ [−0.15, 0.15]2 with 𝑦 = 0, 𝑧 = 0, 𝑝𝑦 = 0, 𝑝𝑧 = 𝑝𝑧(𝑥, 𝑦, 𝑧, 𝑝𝑥, 𝑝𝑦, 𝐸) > 0, and 
𝐸 = 0.00765.

To better visualize the correlation between 𝜆1 and the RTE, we 
compute both quantities on a grid of uniformly distributed initial con-
ditions in (𝑥, 𝑝𝑥) ∈ [−0.15, 0.15]2 with 𝑦 = 0, 𝑧 = 0, 𝑝𝑦 = 0, and 𝑝𝑧 =
𝑝𝑧(𝑥, 𝑦, 𝑧, 𝑝𝑥, 𝑝𝑦, 𝐸) > 0. The results are shown in Fig. 11(e) and (f). The 
regions with fully developed chaos, i.e., with large 𝜆1, also exhibit large 
RTE. Inside the regular regions, where 𝜆1 ≈ 0, the RTE is small. Addi-
tionally, intermediate values of 𝜆1 correspond to intermediate values 
of the RTE. These results therefore demonstrate that the RTE char-
acterization is not specific to systems with two degrees of freedom: 
it also identifies regular and chaotic regions in higher–dimensional
systems.

Finally, we note that the numerical values of the RTE depend on the 
dimension of the section and on the number of crossings considered, so 
the threshold RTE = 2.5 adopted for the Hénon–Heiles system in Sec-
tion 4 is not transferable to other systems and has to be recalibrated 
whenever the RTE is used as a binary chaos detector.

7.  Conclusions

In this paper, we have studied the use of the recurrence time entropy 
to characterize weakly chaotic dynamics in Hamiltonian systems with 
mixed phase space. The main goal has been to verify whether the RTE-
based approach, previously used in area–preserving maps [38,42,43], 
can also be applied to Hamiltonian flows when the dynamics is sampled 

on a Poincaré surface of section or through a stroboscopic map. For 
this purpose, we have considered the Hénon–Heiles Hamiltonian as a 
paradigmatic autonomous system with two degrees of freedom and the 
paradigm Hamiltonian as a periodically driven system with one degree 
of freedom.

For the Hénon–Heiles system, we have shown that the RTE calcu-
lated from the sequence of PSS crossings reproduces the main phase 
space structures observed through the largest Lyapunov exponent. Reg-
ular islands have been associated with low RTE values, whereas chaotic 
regions have been associated with larger values. Near the boundaries 
of regular islands, the RTE has assumed intermediate values, indicating 
its sensitivity to sticky transition regions and weakly chaotic dynamics. 
The comparison with the LLE has also shown a strong positive corre-
lation between the two quantities, confirming that the recurrence–time 
statistics have captured the same global separation between regular and 
chaotic motion.

We have also analyzed the finite–time RTE along individual chaotic 
trajectories. The resulting time series have displayed strong fluctuations, 
with abrupt transitions between high–RTE and low–RTE episodes. These 
fluctuations have reflected the intermittent character of sticky dynam-
ics: high–RTE intervals have corresponded to extended exploration of 
the chaotic component, whereas low–RTE intervals have been gener-
ated by temporary trapping near regular structures. By projecting the 
finite–time RTE values back onto the PSS, we have shown that the low– 
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and intermediate–RTE episodes have not been randomly distributed, but 
have been localized near regular islands and their surrounding sticky 
layers.

The trapping–time analysis has further confirmed this interpreta-
tion. low–RTE episodes, associated with trapping near regular struc-
tures, have produced cumulative distributions with algebraic tails. In 
contrast, high–RTE episodes, associated with extended exploration of 
the chaotic component, have produced exponentially decaying distri-
butions. Therefore, the finite–time RTE has not only identified where 
sticky dynamics occurs in phase space, but has also recovered the ex-
pected long-tailed statistics of trapping events in mixed Hamiltonian 
systems. By extending this analysis over a broad range of energies, 
we have shown that the trapping exponents vary nontrivially with the 
phase space structure. The power-law exponent associated with low–
RTE episodes has exhibited strong oscillations as the energy changes, 
reflecting the sensitive dependence of sticky transport on the evolv-
ing hierarchical organization of the mixed phase space. By contrast, 
the exponential decay rate of high–RTE episodes has shown an overall 
decrease with energy, indicating that trajectories remain for progres-
sively longer times in the strongly chaotic component as the chaotic sea
expands.

We have further compared the ability of the RTE to distinguish reg-
ular and chaotic trajectories with the Smaller Alignment Index (SALI), a 
well-established variational chaos indicator. The comparison has shown 
strong agreement between the two methods in the classification of 
chaotic motion across the explored energy range. In particular, both 
indicators have captured the monotonic increase in the proportion of 
chaotic trajectories with energy, consistent with the progressive enlarge-
ment of the chaotic component of phase space. This agreement has pro-
vided an additional validation of the RTE as an indicator of regular and 
chaotic motion.

We have also applied the same recurrence–based analysis to the 
paradigm Hamiltonian. The RTE maps obtained from the stroboscopic 
dynamics have reproduced the main structures of the phase space for 
different perturbation amplitudes. Low RTE values have identified reg-
ular islands and invariant curves, while large RTE values have marked 
the chaotic component. This second example has shown that the method 
has not been specific to the Hénon–Heiles Hamiltonian, but can also be 
used in time-periodic Hamiltonian systems represented by stroboscopic 
maps.

Finally, we have extended the analysis to a Hamiltonian system with 
three degrees of freedom, whose surface of section is four–dimensional. 
The RTE computed from the sequence of crossings has reproduced 
the separation between regular and chaotic regions obtained from the 
largest Lyapunov exponent, both along a one–dimensional scan of ini-
tial conditions and on a two–dimensional grid, which shows that the 
characterization is not restricted to systems with two degrees of free-
dom. For both this system and the Hénon–Heiles Hamiltonian we have 
also compared two different methods of determining the recurrence 
threshold, one based on the standard deviation of the time series and 
one based on a fixed recurrence rate, and the correlation with the 
largest Lyapunov exponent has remained high for both of them over a 
broad range of parameters. Taken together, the three systems considered 
here indicate that our conclusions do not rely on specific properties of 
the Hénon–Heiles Hamiltonian. What the analysis requires is a mixed 
phase space, in which regular islands coexist with a chaotic compo-
nent and are surrounded by hierarchical structures and partial transport 
barriers, which is the generic situation in nonintegrable Hamiltonian
systems.

Overall, our results have shown that the RTE provides a useful 
recurrence–based diagnostic for mixed Hamiltonian dynamics that de-
pends only on temporal series. It has distinguished regular and chaotic 
regions, detected sticky layers, resolved intermittent changes along 
chaotic trajectories, and recovered the different statistical behavior of 
trapping and chaotic-exploration episodes. Moreover, the comparison 
with the SALI has shown that the RTE reproduces the same global trend 

in the proportion of chaotic trajectories as the energy increases, sup-
porting its use as a reliable indicator for distinguishing regular and 
chaotic motion. Unlike variational chaos indicators, however, the RTE 
does not require the integration of variational equations or the com-
putation of the Jacobian matrix. These results support the use of the 
RTE as a complementary tool to Lyapunov and alignment–based indi-
cators in the characterization of weak chaos in Hamiltonian systems. 
A systematic comparison between the RTE and other time series chaos 
detectors that are not derived from recurrence plots, such as the permu-
tation entropy [77], is an interesting direction that we intend to pursue 
in a forthcoming work.
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Appendix A.  Dependence of the RTE on the length of the time 
series

Throughout this paper the RTE has been computed from a fixed num-
ber of crossings of the PSS, 𝑁cross = 104. In this appendix we examine 
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Fig. A.1. The RTE computed from the first 𝑛 crossings of the PSS for the three 
trajectories of Fig. 2 at 𝐸 = 1∕9: regular (blue), sticky (green), and chaotic (red). 
The solid lines correspond to the threshold determined as a fraction of the time 
series’ standard deviation, 𝜀 = 0.05𝜎, and the dashed lines to the threshold de-
termined by fixing the recurrence rate at RR = 0.01.

how the RTE depends on the length of the sequence used to construct 
the recurrence matrix. For this purpose, we consider the three trajecto-
ries of Fig. 2, namely the regular, the sticky and the chaotic ones, all at 
𝐸 = 1∕9, and compute the RTE from the first 𝑛 crossings, with 𝑛 ranging 
from 102 to 104. The calculation is repeated for the two methods of de-
termining the threshold discussed in Section 3, 𝜀 = 0.05𝜎 and RR = 0.01. 
The results are shown in Fig. A.1.

The regular and the chaotic trajectories behave in opposite ways. For 
the regular orbit, the RTE converges after a short transient and remains 
essentially constant from 𝑛 ≈ 5 × 102 onwards, at 1.20 for the threshold 
based on the standard deviation and at 1.48 for the one based on the 
recurrence rate. This is a consequence of the quasiperiodic nature of 
the motion: the number of distinct recurrence times of a quasiperiodic 
orbit is bounded, so that the distribution of white vertical lines has a 
bounded support and its entropy saturates. For the chaotic orbit, on the 
other hand, the RTE does not converge within the range considered, but 
increases slowly and irregularly, from about 2 at 𝑛 = 102 to 5.7 at 𝑛 = 104. 
In this case the recurrence times are broadly distributed and their sup-
port keeps growing as the orbit explores an increasingly large portion of 
the chaotic component, so that white vertical lines of increasing length 
are continuously added to the distribution.

The sticky trajectory interpolates between these two behaviors, and 
its RTE is not even monotonic. For 𝑛 ≲ 2 × 102 it follows the regular 
curve, since the orbit is still trapped in the neighborhood of the regu-
lar structures. As the orbit escapes to the chaotic component, the RTE 
increases rapidly and approaches the chaotic curve, reaching a max-
imum near 𝑛 ≈ 103. It then decreases, down to approximately 2.5 at 
𝑛 ≈ 3 × 103, which corresponds to a second trapping episode: while the 
orbit is trapped, the recurrence times added to the distribution are simi-
lar to one another, the distribution becomes more concentrated and the 
entropy decreases. A subsequent escape makes the RTE increase again. 
The RTE computed from the first 𝑛 crossings therefore registers the al-
ternation between trapping and exploration that is resolved in Section 4 
by the finite–time RTE. 

Two conclusions follow. First, the numerical value of the RTE of a 
chaotic or sticky orbit depends on the length of the sequence, so that 
comparisons must be made at a fixed 𝑛. This is the reason why we keep 
𝑁cross = 104 throughout the paper, and why a threshold value such as 
RTE = 2.5 is tied to that choice. Second, and more importantly, the dis-
tinction between the different regimes is not affected by this depen-
dence. For 𝑛 ≳ 2.5 × 102 the three curves are well separated and ordered, 
with the regular orbit at the bottom, the sticky one in between and the 

chaotic one at the top, and this ordering is preserved over almost two 
decades in 𝑛. Since the regular curve saturates while the chaotic one 
keeps growing, the contrast between them in fact increases with 𝑛. The 
only limitation occurs for very short sequences, 𝑛 ≲ 1.2 × 102, for which 
the number of white vertical lines is too small for the distribution to be 
meaningful and the RTE of the regular orbit vanishes. Finally, the two 
methods lead to the same behavior in all three cases: they are almost 
indistinguishable for the sticky trajectory, differ by an approximately 
constant offset for the regular one, and separate appreciably only for 
the chaotic orbit at large 𝑛. 
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