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 A B S T R A C T

Mean-field systems provide a natural framework in which collective effects persist as the number 
of degrees of freedom 𝑁 increases, raising fundamental questions about the emergence of 
integrability and the nature of chaos in large but finite systems. We investigate the dynamical 
and statistical properties of a quartic mean-field Hamiltonian model, with particular emphasis 
on the relation between the thermodynamic limit and finite-size chaotic dynamics. We first 
analyze the thermodynamic limit of the model within the Vlasov collisionless framework and 
derive the corresponding self-consistent single-particle description. We identify the conditions 
under which the mean-field dynamics becomes effectively autonomous and show numerically 
that fluctuations of the relevant intensive quantities vanish algebraically with 𝑁 , supporting 
the emergence of integrability as 𝑁 → ∞. We then study the finite-𝑁 dynamics by computing 
the largest Lyapunov exponent over an exceptionally wide range of 𝑁 , spanning several 
orders of magnitude. We find that the largest Lyapunov exponent decays algebraically with 
𝑁 , consistently with the suppression of chaos in the thermodynamic limit for mean-field 
Hamiltonian models. Using tools from non-extensive statistical mechanics, we further analyze 
the time evolution of the entropic index 𝑞, using the 𝑞-Gaussian as a diagnostic measure of 
deviations from Gaussian statistics. We demonstrate that, although transient values 𝑞 > 1
may appear at intermediate times, 𝑞 systematically converges to unity as the observation time 
increases. This behavior indicates that previously reported 𝑞 > 1 values for the present model 
originate from finite-time effects rather than from a persistent weakly chaotic phase, and that 
the long-time finite-𝑁 dynamics is consistent with Gaussian statistics and sustained chaotic 
behavior.

1. Introduction

Mean-field and long-range interacting Hamiltonian systems provide a paradigmatic setting in which collective effects persist 
in the thermodynamic limit and strongly influence both microscopic dynamics and macroscopic statistical behavior [1–4]. Because 
each degree of freedom interacts with all others, typically under a Kac scaling, these models exhibit features that are absent in short-
range systems, including nontrivial finite-size effects, slow relaxation, and an interplay between dynamics and statistical mechanics 
that remains an active topic of research [1–17]. A central question in this context concerns the nature of chaos as the number of 
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degrees of freedom, 𝑁 , increases: while finite systems can display strong sensitivity to initial conditions [5,13], the thermodynamic-
limit description may become effectively regular, and understanding how these two pictures connect requires a careful combined 
dynamical and statistical analysis [6,7,9,18–23].

Mean-field and long-range interacting Hamiltonian systems are not only of theoretical interest, but also arise naturally in several 
physical contexts. Notable examples include self-gravitating systems [24–26], where each particle interacts with all others through 
long-range forces, and non-neutral plasmas and charged particle beams [26–29], whose dynamics can be effectively described by 
Vlasov-type equations. In these systems, the number of degrees of freedom is typically very large but finite, and the interplay 
between collective mean-field behavior and finite-size fluctuations plays a crucial role in determining their dynamical and statistical 
properties. Understanding how chaos emerges and evolves in this setting is therefore essential for interpreting both numerical 
simulations and experimental observations, where access to the thermodynamic limit is inherently limited.

For mean-field Hamiltonians, this problem can be addressed in the thermodynamic limit 𝑁 → ∞, which admits a continuum 
description in terms of a one-particle distribution evolving under a self-consistent field. This thermodynamic-limit framework is 
rigorously justified for broad classes of mean-field interactions and initial conditions and is naturally expressed through the Vlasov 
collisionless equation [7,30–32]. In this limit, the microscopic dynamics of each particle is effectively governed by the collective 
mean field generated by the full system, leading to an effective single-particle description. In contrast, for any finite 𝑁 , discreteness 
effects generate fluctuations around the limiting mean field. These finite-size fluctuations are expected to vanish as 𝑁 increases, yet 
they still produce measurable chaotic behavior and control the scaling of the largest Lyapunov exponent with 𝑁 [6,18,20,21,33,34].

A recent work on a quartic mean-field model has reported an algebraic decay of the largest Lyapunov exponent with 𝑁 and 
interpreted this behavior as indicative of weak chaos, supported by transient 𝑞 > 1 values obtained from 𝑞-Gaussian fits of dynamical 
probability density functions [35]. This interpretation suggests the persistence of a weakly chaotic regime associated with non-
Gaussian statistics and slow relaxation. Such conclusions naturally connect to non-extensive statistical mechanics approaches, where 
deviations from Boltzmann–Gibbs statistics and 𝑞-Gaussian distributions are often discussed in relation to long-lived correlations and 
quasi-stationary dynamical regimes [36–39]. However, since these conclusions are based on finite system sizes and finite observation 
times, it remains unclear whether they reflect intrinsic dynamical properties or transient effects. The estimation of 𝑞 from finite-time 
data is known to be sensitive to statistical sampling and to the slow convergence of dynamical observables, making it essential to 
distinguish genuine long-lived non-Boltzmann–Gibbs behavior from finite-time and finite-size effects [40–44].

In this work, we revisit the quartic mean-field Hamiltonian model [35] and provide a more extensive dynamical and statistical 
analysis of its large-𝑁 and long-time behavior. In particular, we address whether the weakly chaotic behavior reported in 
previous studies reflects a genuine dynamical regime or instead arises from finite-size and finite-time effects. We first derive the 
thermodynamic-limit mean-field framework and identify the conditions under which the corresponding single-particle dynamics 
becomes effectively autonomous. We then show that, under these conditions, the thermodynamic-limit dynamics reduces to an 
integrable one-degree-of-freedom Hamiltonian system. We also present numerical evidence that the fluctuations of the relevant 
intensive quantities vanish algebraically with 𝑁 , supporting the emergence of integrability as 𝑁 → ∞. Next, we compute the 
largest Lyapunov exponent over a significantly extended range of system sizes, spanning several orders of magnitude, and confirm 
its systematic decay with 𝑁 , consistent with the suppression of chaos in the large-𝑁 limit [1,5–7,9–12,18,20–22,35]. Finally, guided 
by non-extensive statistical mechanics concepts [36], we perform a time-resolved analysis of the entropic index 𝑞(𝑡) together with 
fit-quality diagnostics, using the 𝑞-Gaussian as a diagnostic parametrization of deviations from Gaussian statistics. We show that 
𝑞(𝑡) → 1 systematically as the observation time increases, indicating that apparent deviations from Boltzmann–Gibbs statistics are 
transient and originate from finite-time effects rather than from a persistent weakly chaotic regime [35,37–39]. Taken together, 
these results provide a clearer characterization of the model in the large-𝑁 and long-time regimes.

This paper is organized as follows: In Section 2, we introduce the quartic mean-field Hamiltonian model, which is the main object 
of study of this work, and derive its thermodynamic-limit description in terms of the Vlasov collisionless equation. We also discuss 
the conditions for integrability in this limit and provide numerical evidence showing that the model becomes integrable as 𝑁 → ∞. 
In Section 3, we investigate the dynamical and statistical properties of the system at finite 𝑁 . We compute the largest Lyapunov 
exponent (LLE) and show that it decreases with increasing number of degrees of freedom, vanishing in the thermodynamic limit, 
consistently with the analysis presented in Section 2. Guided by concepts from non-extensive statistical mechanics [36], we further 
show that the finite-𝑁 dynamics is not consistent with a persistent weakly chaotic regime as suggested in a recent study [35]. 
Finally, Section 4 contains our conclusions and final remarks.

2. The quartic mean-field model and its thermodynamic limit

2.1. The model

We study an autonomous mean-field Hamiltonian system of 𝑁 globally coupled sites, described by the Hamiltonian 

𝐻(𝐩, 𝐱) =
𝑁
∑

𝑛=1

[

𝑝2𝑛
2

+ 𝑉 (𝑥𝑛) +
1
2𝑁̃

𝑁
∑

𝑚=1
𝑊 (𝑥𝑚 − 𝑥𝑛)

]

≡ 𝐸, (1)

where 𝑥𝑛 and 𝑝𝑛 are the generalized coordinates and momenta, respectively, 𝐸 is the total mechanical energy, 𝐩 = (𝑝1,… , 𝑝𝑁 ), 
𝐱 = (𝑥 ,… , 𝑥 ), and 𝑁̃ = 𝑁 − 1. The factor 1∕𝑁̃ is the Kac normalization and guarantees that the total energy 𝐻 is extensive, 
1 𝑁

2 
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i.e., 𝐻 ∝ 𝑁 , in the thermodynamic limit. We consider quartic on-site and interaction potentials [35], 

𝑉 (𝑥𝑛) =
𝑥2𝑛
2

+
𝑥4𝑛
4
,

𝑊 (𝑥𝑚 − 𝑥𝑛) =
1
4
(𝑥𝑚 − 𝑥𝑛)4.

(2)

The equations of motion are 

𝑥̇𝑛 = 𝑝𝑛, 𝑝̇𝑛 = −

[

𝑥𝑛 + 𝑥3𝑛 +
1
𝑁̃

𝑁
∑

𝑚=1
(𝑥𝑛 − 𝑥𝑚)3

]

. (3)

To integrate the equations of motion, we use the fourth-order Yoshida symplectic integrator [45] with time step 𝛥𝑡 = 0.01. For all 
values of the specific energy 𝜀 = 𝐸∕𝑁 considered in this paper, the relative energy error satisfies

𝐸𝑟 =
|

|

|

|

𝐸(𝑡) − 𝐸(0)
𝐸(0)

|

|

|

|

≤ 10−5.

2.2. The Vlasov limit

Expanding the cubic term in the second equation in Eq. (3) and summing over 𝑚, we get:
𝑁
∑

𝑚=1
(𝑥𝑛 − 𝑥𝑚)3 = 𝑁𝑥3𝑛 − 3𝑥2𝑛

𝑁
∑

𝑚=1
𝑥𝑚 + 3𝑥𝑛

𝑁
∑

𝑚=1
𝑥2𝑚 −

𝑁
∑

𝑚=1
𝑥3𝑚.

Let us then define the intensive (microscopic) moments of 𝑥𝑚 as 

𝑀𝑘 = 1
𝑁

𝑁
∑

𝑚=1
𝑥𝑘𝑚, (4)

so that
𝑁
∑

𝑚=1
(𝑥𝑛 − 𝑥𝑚)3 = 𝑁𝑥3𝑛 − 3𝑁𝑥2𝑛𝑀1 + 3𝑁𝑥𝑛𝑀2 −𝑁𝑀3.

Substituting back into the equations of motion given by Eq. (3), we obtain

𝑥̇𝑛 = 𝑝𝑛, 𝑝̇𝑛 = −
[

𝑥𝑛 + 𝑥3𝑛 +
𝑁
𝑁̃

(

𝑥3𝑛 − 3𝑥2𝑛𝑀1 + 3𝑥𝑛𝑀2 −𝑀3
)

]

.

Since 𝑁∕𝑁̃ = 1 + 1∕𝑁̃ , i.e., a constant plus a term that goes to zero as 𝑁 → ∞, we can write 

𝑥̇𝑛 = 𝑝𝑛, 𝑝̇𝑛 = −
(

𝑥𝑛 + 2𝑥3𝑛 − 3𝑥2𝑛𝑀1 + 3𝑥𝑛𝑀2 −𝑀3
)

+ (𝑁−1). (5)

Thus, the dependence of each particle on the rest of the system is through the intensive moments 𝑀𝑘. Let us define a probability 
distribution in phase space that represents how the particles are arranged at each instant of time: 

𝜌𝑁 (𝑥, 𝑝, 𝑡) = 1
𝑁

𝑁
∑

𝑚=1
𝛿(𝑥 − 𝑥𝑚(𝑡))𝛿(𝑝 − 𝑝𝑚(𝑡)). (6)

In this way, any average over particles becomes an integral with respect to 𝜌𝑁

𝑀𝑘(𝑡) =
1
𝑁

𝑁
∑

𝑚=1
𝑥𝑘𝑚(𝑡) = ∫ 𝑥𝑘(𝑡)𝜌𝑁 (𝑥, 𝑝, 𝑡)d𝑥 d𝑝. (7)

By substituting Eq. (6) into the integral in Eq. (7), and using the filter property of the Dirac delta function, we recover the intensive 
moments defined in Eq. (4).

When 𝑁 is small, the distribution 𝜌𝑁  is spiky and irregular. As 𝑁 increases towards 𝑁 → ∞, 𝜌𝑁  becomes increasingly 
dense in phase space, and particle averages converge to well-defined macroscopic limits. This convergence is ensured by the 
smoothness of the interactions and by the absence of strong correlations in the initial conditions [30,31]. Moreover, because each 
particle is connected to all others through many links whose individual strength is weak due to the Kac scaling 1∕𝑁 , and because 
the Hamiltonian is invariant under permutations of particle indices, correlations between any finite number of particles become 
negligible in the thermodynamic limit, a property known as propagation of chaos [46,47]. In this regime, particle averages become 
self-averaging quantities and converge to ensemble averages defined with respect to a smooth microscopic one-particle distribution 
𝑓 (𝑥, 𝑝, 𝑡) [30,32]. Consequently, the intensive moments (microscopic) converge to the macroscopic moments 𝜇𝑘

𝑀𝑘(𝑡) ⟶ 𝜇𝑘(𝑡) = ∫ 𝑥𝑘𝑓 (𝑥, 𝑝, 𝑡)d𝑥 d𝑝

as 𝑁 → ∞.
3 
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By taking the limit 𝑁 → ∞ in the equations of motion in Eq. (5), and replacing 𝑀𝑘 by 𝜇𝑘, we obtain the mean-field single-particle 
dynamics

𝑥̇𝑛 = 𝑝𝑛, 𝑝̇𝑛 = −
[

𝑥𝑛 + 2𝑥3𝑛 − 3𝑥2𝑛𝜇1(𝑡) + 3𝑥𝑛𝜇2(𝑡) − 𝜇3(𝑡)
]

.

Since 𝜇𝑘(𝑡) does not depend on 𝑛, this leads to the decoupled set of ODEs 
𝑥̇ = 𝑝𝑛, 𝑝̇ = −

[

𝑥 + 2𝑥3 − 3𝑥2𝜇1(𝑡) + 3𝑥𝜇2(𝑡) − 𝜇3(𝑡)
]

. (8)

This equation describes the motion of a single ‘‘mean-field particle’’ in a self-consistent force field determined by the global 
distribution through the 𝜇𝑘(𝑡).

In Hamiltonian dynamics, the probability density is transported along the flow, i.e., probability is conserved along trajectories 
(Liouville’s theorem). Then the evolution of the probability distribution is governed by the Liouville equation:

𝜕𝑓
𝜕𝑡

+ 𝑥̇
𝜕𝑓
𝜕𝑥

+ 𝑝̇
𝜕𝑓
𝜕𝑝

= 0,

which expresses the incompressibility of the Hamiltonian flow in phase space. From the equations of motion, with 𝑝̇ = 𝐹 (𝑥, 𝑡), this 
equation takes the explicit form

𝜕𝑓
𝜕𝑡

+ 𝑝
𝜕𝑓
𝜕𝑥

+ 𝐹 (𝑥, 𝑡)
𝜕𝑓
𝜕𝑝

= 0,

with the self-consistency equation 

𝜇𝑘(𝑡) = ∫ 𝑥𝑘𝑓 (𝑥, 𝑝, 𝑡)d𝑥 d𝑝. (9)

This is the Vlasov collisionless equation, where 𝐹 (𝑥, 𝑡) = 𝑝̇ is the mean-field force. This means that the force 𝐹  depends on 𝑓 , 
and 𝑓 evolves according to the force. For mean-field Hamiltonians of this type, the convergence of the microscopic dynamics to 
the Vlasov description has been established rigorously by Braun and Hepp [30] with the uniqueness of the solution later studied by 
Dobrushin [31]. The Vlasov description has also been extensively studied in the context of Hamiltonian mean-field models [7,32].

2.3. Conditions for integrability

For the Vlasov equation, a sufficient condition for stationarity is that the distribution function depends on phase space coordinates 
only through a single-particle Hamiltonian. In particular, if the mean-field force is time independent and derives from an effective 
potential 𝑉eff (𝑥), the single-particle Hamiltonian can be written as 

ℎ(𝑥, 𝑝) =
𝑝2

2
+ 𝑉eff (𝑥). (10)

In this case, any distribution of the form 𝑓 (𝑥, 𝑝) = 𝛷(ℎ) is a stationary solution of the Vlasov equation. This follows directly from 
the Hamiltonian structure of the Vlasov dynamics, since 𝜕𝑡𝑓 + {𝑓, ℎ} = 0 and {𝛷(ℎ), ℎ} = 0, where {𝑔1, 𝑔2} is the Poisson bracket of 
the two arbitrary functions of 𝑥, 𝑝, and 𝑡.

For the quartic mean-field model considered here, if the macroscopic moments 𝜇𝑘 are time independent, the mean-field force
𝐹 (𝑥) = −

(

𝑥 + 2𝑥3 − 3𝑥2𝜇1 + 3𝑥𝜇2 − 𝜇3
)

is conservative and can be written as 𝐹 (𝑥) = −d𝑉eff∕d𝑥, with the effective potential

𝑉eff (𝑥) =
𝑥2

2
+ 𝑥4

2
− 𝜇1𝑥

3 + 3
2
𝜇2𝑥

2 − 𝜇3𝑥,

up to an irrelevant additive constant. The corresponding single-particle Hamiltonian is therefore explicitly time independent, and 
the microscopic dynamics reduces to an autonomous one-degree-of-freedom Hamiltonian system, which is integrable. Consequently, 
integrability of the Vlasov single-particle dynamics requires that the macroscopic moments 𝜇𝑘 be time independent.

We therefore test the condition 𝜇𝑘 ≡ const numerically by monitoring the finite-𝑁 moments 𝑀𝑘 [Eq. (4)] and verifying whether 
they converge to time-independent values as 𝑁 increases. In all numerical simulations, we adopt waterbag-type initial conditions: 
all coordinates are initially set to zero, while the momenta are independently drawn from a uniform distribution. The momenta are 
then rescaled to enforce zero total momentum, ∑𝑛 𝑝𝑛(0) = 0, and subsequently rescaled to fix the total energy 𝐸 = 𝜀𝑁 , with 𝜀 the 
specific energy.

Panels (a)–(c) of Fig.  1 show the time evolution of the intensive moments 𝑀𝑘(𝑡) for different 𝑁 at 𝜀 = 100. The initial stage 
of the dynamics is characterized by a rapid variation of the moments associated with a violent relaxation. Here we focus on the 
subsequent quasi-stationary regime relevant for the thermodynamic-limit analysis, more specifically, 𝑡 > 104. Panel (d) shows the 
standard deviation 𝜎𝑀𝑘

 of 𝑀𝑘(𝑡) computed after this initial transient phase as a function of 𝑁 , ranging from 𝑁 = 210 = 1024 to 
𝑁 = 222 = 4 194 304. As 𝑁 increases, the amplitude of the 𝑀𝑘 oscillations decreases, and 𝜎𝑀𝑘

 exhibits a clear scaling 𝜎𝑀𝑘
∝ 𝑁−1∕2. 

Therefore, in the thermodynamic limit, the macroscopic moments 𝜇𝑘 become constant, the effective potential 𝑉eff (𝑥) is stationary, 
and the single-particle Hamiltonian in Eq. (10) is time independent, confirming the integrability of the microscopic Vlasov dynamics.

At finite 𝑁 , however, the moments fluctuate around their mean-field values,
𝑀 (𝑡) = 𝜇 + 𝛿𝑀 (𝑡),
𝑘 𝑘 𝑘
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Fig. 1. (a)–(c) Intensive moments 𝑀𝑘(𝑡) as a function of time for different values of 𝑁 , and (d) the standard deviation 𝜎𝑀𝑘
 as a function of 𝑁 , at 

𝜀 = 100. The system undergoes a violent relaxation process, where the values of the moments suffer rapid changes, into a quasi-stationary state. 
Our focus is on the quasi-stationary regime relevant to the thermodynamic-limit analysis. The standard deviations are calculated excluding this 
initial period. More specifically, we consider the moments only for 𝑡 ≥ 104.  (For interpretation of the references to color in this figure legend, 
the reader is referred to the web version of this article.)

where 𝛿𝑀𝑘 arises from discreteness effects. Since 𝑀𝑘 is an average over 𝑁 particles, standard statistical arguments imply
𝛿𝑀𝑘 = (𝑁−1∕2),

a scaling that is also verified numerically in Fig.  1(d). The finite-𝑁 equations of motion can thus be written as
𝑥̇𝑛 = 𝑝𝑛, 𝑝̇𝑛 = 𝐹mean−f ield(𝑥𝑛(𝑡)) + (𝑁−1∕2),

i.e., the exact dynamics consists of mean-field motion perturbed by weak, stochastic-like fluctuations generated by the discrete 
particle nature of the system. Consequently,

finite–𝑁 dynamics = mean–field dynamics +weak noise of amplitude 𝑁−1∕2.

Since the Vlasov limit corresponds to integrable single-particle motion, the dominant source of chaos in the large (but finite) 𝑁
regime is the stochastic noise induced by these discreteness fluctuations [33,34,48], which vanishes as 𝑁 → ∞. Therefore, in the 
thermodynamic limit, the largest Lyapunov exponent satisfies

𝜆1(𝑁 → ∞) = 0.

At finite 𝑁 , the stochastic perturbation 𝛿𝑀𝑘(𝑡) breaks integrability and generates chaos with a nonzero Lyapunov exponent. Hence, 
the origin of chaos in this model is purely granular [33,34,48], arising from finite-𝑁 fluctuations around the Vlasov mean field.

2.4. Integral of motion

We have shown that in the thermodynamic limit, the dynamics becomes effectively integrable, provided the macroscopic 
moments 𝜇𝑘 become time independent. In this limit, the equations of motion decouple into a set of independent ordinary differential 
equations [Eq. (8)], each describing the motion of a single mean-field particle governed by an autonomous one-degree-of-freedom 
Hamiltonian [Eq. (10)]. The corresponding single-particle energy, 

ℎ(𝑥, 𝑝) =
𝑝2

2
+ 𝑥2

2
+ 𝑥4

2
− 𝜇1𝑥

3 + 3
2
𝜇2𝑥

2 − 𝜇3𝑥 ≡ 𝐸eff , (11)

is then an integral of motion.
A complementary numerical test of integrability in the thermodynamic limit is therefore to examine whether the effective 

energies 𝐸eff ,𝑛(𝑡) associated with each site become time independent as 𝑁 increases. If integrability is recovered only asymptotically, 
these quantities need not be conserved at finite 𝑁 , but their fluctuations must vanish in the limit 𝑁 → ∞. To quantify this behavior, 
we compute the average standard deviation of the effective energies, 

𝜎(𝑁) = 1
𝑁
∑

√

√

√

√
1

𝑇
∑

[

𝐸eff ,𝑛(𝑡) − 𝐸eff ,𝑛

]2
, (12)
𝑁 𝑛=1 𝑇 𝑡=0
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Fig. 2. (a) Average standard deviation of the effective energies [Eq. (12)] as a function of the number of degrees of freedom 𝑁 for four values 
of the specific energy 𝜀. The data follow a power law decay 𝜎(𝑁) = 𝑏𝑁𝑎. (b) Dependence of the prefactor 𝑏 on 𝜀, showing a power law scaling 
𝑏(𝜀) ∝ 𝜀𝛾 . (c) Collapse of the curves in panel (a) after rescaling 𝜎̃ = 𝜎∕𝜀𝛾 , indicating scale invariance of the effective-energy fluctuations with 
respect to 𝜀.  (For interpretation of the references to color in this figure legend, the reader is referred to the web version of this article.)

where

𝐸eff ,𝑛 =
1
𝑇

𝑇
∑

𝑡=0
𝐸eff ,𝑛(𝑡),

using a total integration time 𝑇 = 1.0 × 105.
Fig.  2(a) shows 𝜎(𝑁) for 𝜀 = 1, 10, 100, and 1000. In all cases, the fluctuations of the effective energies decay algebraically with 

𝑁 , following 𝜎(𝑁) = 𝑏𝑁𝑎. This decay demonstrates that, although 𝐸eff ,𝑛(𝑡) is not conserved at finite 𝑁 , its fluctuations vanish in 
the thermodynamic limit, confirming that Eq. (11) becomes an exact integral of motion only as 𝑁 → ∞.

The fitted power law scaling also allows us to estimate the system size 𝑁∗ beyond which effective-energy conservation would 
become observable within double-precision numerical accuracy, defined by 𝜎(𝑁∗) < 10−16. Using the fitted values of 𝑎 and 𝑏, 
we find 𝑁∗ ∼ 1036, 1040, 1042, and 1044 for 𝜀 = 1, 10, 100, and 1000, respectively. These values are far beyond any feasible 
numerical simulation, explaining why strict conservation of 𝐸eff ,𝑛 cannot be observed in practice, despite being guaranteed in the 
thermodynamic limit.

As shown in Fig.  2(a), the decay exponent 𝑎 is approximately the same for all 𝜀, while the curves differ only by a multiplicative 
prefactor. Fig.  2(b) reveals that this prefactor scales with the specific energy as 𝑏(𝜀) ∝ 𝜀𝛾 . This scaling allows for a rescaling of the 
fluctuations, 𝜎̃ = 𝜎∕𝜀𝛾 , leading to the curves collapsing, shown in Fig.  2(c). The collapse indicates that the fluctuations of the effective 
on-site energy are scale invariant with respect to 𝜀, exhibiting universal statistical behavior across different energy scales [49–51].

In summary, stationarity of the Vlasov description in the thermodynamic limit corresponds to the macroscopic moments 𝜇𝑘
becoming time independent, which makes the mean-field force and the effective single-particle Hamiltonian ℎ(𝑥, 𝑝) autonomous. 
Numerically, this regime is identified by the vanishing of the temporal fluctuations of the intensive moments 𝑀𝑘(𝑡) and by the 
progressive conservation of the effective single-particle energies 𝐸eff  as 𝑁 → ∞. In Section 3, we turn to the dynamical and statistical 
properties of the model at finite 𝑁 . We show numerically that the largest Lyapunov exponent decreases with increasing system size 
and vanishes in the thermodynamic limit, and we analyze the resulting finite-𝑁 dynamics within the framework of non-extensive 
statistical mechanics [36].

3. The dynamics and statistics for finite 𝑵

In this section, we investigate the dynamical behavior of the mean-field Hamiltonian defined in Eq. (1) for finite values of 𝑁 . 
Our primary goal is to characterize how chaos evolves as the number of degrees of freedom increases. To this end, we compute 
the largest Lyapunov exponent (LLE) for progressively larger 𝑁 and analyze the resulting dynamical regimes. We interpret these 
regimes using concepts from non-extensive statistical mechanics [36].

The numerical computation of Lyapunov exponents requires the simultaneous integration of the equations of motion and the 
associated variational equations [52,53]. For Hamiltonian systems, it is essential that the variational integration also be performed 
using a symplectic scheme [54]. We now briefly outline the formulation of the variational equations for Hamiltonian systems, which 
will be used in the computation of the largest Lyapunov exponent.

Let 𝐲 = (𝐱,𝐩)𝑇  be the state vector in the 2𝑁-dimensional phase space. The time evolution of this vector is given by Hamilton’s 
equations, which, in matrix form, are

d𝐲
=
(

𝜕𝐻 − 𝜕𝐻
)𝑇

= 𝐉2𝑁 ⋅ 𝐃𝐻 (𝐱(𝑡)),

d𝑡 𝜕𝐩 𝜕𝐱

6 
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Fig. 3. The largest Lyapunov exponent (a) as a function of the specific energy 𝜀 for different numbers of degrees of freedom 𝑁 and (b) as a 
function of the number of degrees of freedom 𝑁 for different specific energies 𝜀.  (For interpretation of the references to color in this figure 
legend, the reader is referred to the web version of this article.)

where

𝐉2𝑁 =
(

𝟎𝑁 𝐈𝑁
−𝐈𝑁 𝟎𝑁

)

,

with 𝐈𝑁  being the 𝑁 ×𝑁 identity matrix and 𝟎𝑁  a 𝑁 ×𝑁 matrix of zeros, and

𝐃𝐻 (𝐱(𝑡)) =
(

𝜕𝐻
𝜕𝑥1

𝜕𝐻
𝜕𝑥2

⋯
𝜕𝐻
𝜕𝑥𝑁

𝜕𝐻
𝜕𝑝1

𝜕𝐻
𝜕𝑝2

⋯
𝜕𝐻
𝜕𝑝𝑁

)𝑇

is the gradient of the Hamiltonian evaluated at 𝐱(𝑡). The time evolution of a deviation vector 𝐰 = (𝛿𝐱, 𝛿𝐩)𝑇  is governed by the 
variational equations: 

d𝐰
d𝑡

=
[

𝐉2𝑁 ⋅ 𝐃2
𝐻 (𝐱(𝑡))

]

⋅ 𝐰, (13)

where 𝐃2
𝐻  is the Hessian of the Hamiltonian evaluated at 𝐱(𝑡):

𝐃2
𝐻 =

⎛

⎜

⎜

⎜

⎜

⎝

𝜕2𝐻
𝜕𝐱2

𝜕2𝐻
𝜕𝐱 𝜕𝐩

𝜕2𝐻
𝜕𝐩 𝜕𝐱

𝜕2𝐻
𝜕𝐩2

⎞

⎟

⎟

⎟

⎟

⎠

=
(

𝐇𝑥𝑥 𝐇𝑥𝑝
𝐇𝑝𝑥 𝐇𝑝𝑝

)

.

For a separable Hamiltonian function, i.e., 𝐻 = 𝑇 (𝐩) + 𝑉 (𝐱), such as ours in Eq. (1), 𝐇𝑥𝑝 = 𝐇𝑝𝑥 = 0, and the variational equations, 
given by Eq. (13), can be explicitly written as

d𝛿𝐱
d𝑡

= 𝐇𝑝𝑝 ⋅ 𝛿𝐩,

d𝛿𝐩
d𝑡

= −𝐇𝑥𝑥 ⋅ 𝛿𝐱.

The LLE can then be calculated as

𝜆1 = lim
𝑡→∞

1
𝑡
log

‖𝐰(𝑡)‖
‖𝐰(0)‖

≈ 1
𝑇

𝑛steps
∑

𝑛=1
log ‖𝐰(𝑡𝑛)‖,

where the first expression is the theoretical definition and the second one represents the numerical implementation. Here 𝑡𝑛 = 𝑛𝛥𝑡, 
with 𝛥𝑡 the integration time step and 𝑇 = 𝑛steps𝛥𝑡 the total integration time. The deviation vector 𝐰(𝑡) is renormalized to unit 
norm at each step, and only the instantaneous growth factor ‖𝐰(𝑡𝑛)‖ contributes to the sum. For chaotic trajectories, ‖𝐰(𝑡)‖ grows 
exponentially, making periodic renormalization essential to avoid numerical overflow [52].

In Fig.  3, we show the behavior of the LLE, 𝜆1. In panel (a), 𝜆1 is shown as a function of the specific energy 𝜀 for several 𝑁 , 
while panel (b) displays 𝜆1 as a function of 𝑁 for fixed 𝜀. Our simulations span an exceptionally wide range of parameters, with the 
number of degrees of freedom ranging from 𝑁 = 210 = 1024 up to 𝑁 = 220 = 1 048 576, and specific energies covering six decades, 
10−3 ≤ 𝜀 ≤ 103. Fig.  3(a) shows that 𝜆1 increases monotonically with 𝜀 for all 𝑁 , reflecting the progressive strengthening of chaotic 
dynamics as the specific energy grows.
7 
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Fig. 4. (red curves) Numerical probability density functions (PDFs) for 𝑁 = 1024 and 𝜀 = 100 evaluated at different times: (a) 𝑡 = 1.0 × 105, (b) 
𝑡 = 1.0 × 106, (c) 𝑡 = 1.0 × 107, and (d) 𝑡 = 1.0 × 108. The blue curves show the best fits to the numerical PDFs, yielding (a) 𝑞 = 1.712 ± 0.008, 
(b) 𝑞 = 1.367 ± 0.002, (c) 𝑞 = 1.130 ± 0.001, and (d) 𝑞 = 1.0224 ± 0.0003. The dashed black curves represent the Gaussian PDFs (𝑞 = 1) shown for 
comparison. Note that as 𝑡 → ∞, 𝑞 → 1. Table  1 reports two quantitative measures of the fit quality for the distributions shown in this figure, 
namely the mean squared error (MSE) and the mean absolute error (MAE).  (For interpretation of the references to color in this figure legend, 
the reader is referred to the web version of this article.)

Additionally, Fig.  3(b) demonstrates that, for all values of 𝜀, the largest Lyapunov exponent decays algebraically with the number 
of degrees of freedom, 𝜆1 ∝ 𝑁−𝛼 , with a robust exponent 𝛼 ≃ 0.31. While similar trends for the quartic Hamiltonian have been 
reported previously, most recently in Ref. [35] for relatively small 𝑁 (𝑁max = 215), our results extend this scaling over more 
than two orders of magnitude in 𝑁 , providing strong numerical evidence that this behavior persists deep into the thermodynamic 
limit. The decay of the largest Lyapunov exponent with increasing 𝑁 is a well-known phenomenon in fully coupled and long-
ranged Hamiltonian systems [1,5,6,9–12,22,35]. The asymptotic scaling 𝜆1 ∝ 𝑁−1∕3 has been derived analytically for specific 
models [7,18,20,21]. Our measured exponent is fully consistent with this theoretical prediction within numerical accuracy, and, 
crucially, its persistence over such large 𝑁 and energy scales reinforces the view that this scaling is a universal dynamical signature 
of fully coupled and long-ranged Hamiltonian dynamics.

Having established the scaling behavior of the LLE, we now turn to the characterization of the dynamical regime, namely 
whether the system exhibits features more consistent with weak or strong chaos. In Ref. [35], the observed decay of 𝜆1 with 𝑁
was interpreted as indicative of a weakly chaotic dynamics. However, the vanishing of the LLE in the thermodynamic limit is not, 
by itself, sufficient to classify the nature of chaos for finite 𝑁 . To address this issue, we characterize the dynamics within the 
formalism of non-extensive statistical mechanics, which has proven effective in distinguishing between strong and weak chaos in 
both symplectic maps [40–44,55–57] and Hamiltonian systems [11,38,58–60]. Specifically, we analyze the temporal evolution of 
the entropic index 𝑞 associated with 𝑞-generalized statistics. The value of 𝑞 provides a sensitive diagnostic of the degree of chaotic 
behavior: convergence to 𝑞 = 1 is commonly associated with strongly chaotic behavior consistent with Boltzmann–Gibbs statistics, 
whereas persistent deviations from unity are commonly associated with weak chaos and long-lived dynamical correlations [37–39]. 
The entropic index 𝑞 is associated with the 𝑞-Gaussian probability density function (PDF) [36] 

𝑃 (𝑥; 𝑞) = 𝛼
[

1 + 𝛽 (𝑞 − 1) 𝑥2
]

1
1−𝑞 , (14)

where 𝛼 is a normalization constant and 𝛽 an arbitrary parameter. Eq.  (14) is the generalization of the Gaussian PDF and, in the 
limit 𝑞 → 1, 𝑃 (𝑥; 1) becomes the Gaussian PDF.

In the following, we characterize the dynamical behavior by computing the probability density function (PDF) of the momenta 
and estimating the time-dependent entropic index 𝑞(𝑡). We emphasize that the 𝑞-Gaussian is not assumed here to provide an exact 
description of the momentum distribution, but is used as a convenient diagnostic parametrization to quantify deviations from 
Gaussian behavior and to enable direct comparison with previous studies [35]. As a probe of the dynamics, we use all of the 
momenta 𝑝𝑛(𝑡). For a given specific energy 𝜀, we define a symmetric momentum interval between −𝑝⋆ and 𝑝⋆, with 𝑝⋆ = 7.5

√

2𝜀, 
and discretize this interval into 1000 bins. This choice of 𝑝⋆ guarantees that, during the entire temporal evolution, all values of 𝑝𝑛(𝑡)
remain within this interval for each 𝜀. After discarding an initial transient of 104 units of time, we sample the momenta every 5 
time steps. At each sampling time, we count how many 𝑝𝑛(𝑡) fall into each bin, and accumulate these counts over time to construct 
a cumulative PDF. The total sampling time is 𝑇 = 1.0 × 1010. Finally, we compute the normalized PDF 𝑃 (𝑝)∕𝑃 (0) as a function of 
𝑝𝑃 (0), and fit this distribution to estimate the entropic index 𝑞(𝑡).

Fig.  4 shows examples of these normalized PDFs for 𝑁 = 1024 and 𝜀 = 100 (red curves), together with the fitted 𝑞-Gaussians 
(blue curves) and the standard Gaussian (dashed black curves) for four different instants of time. In Table  1, we report the fitted 𝑞
values and their associated standard errors, obtained from the covariance matrix of the fit, as well as two quantities that quantify 
the quality of each fit, namely the mean squared error (MSE) and the mean absolute error (MAE). The MSE measures the average 
squared deviation between the data and the fitted values, while the MAE measures the average absolute deviation between the data 
8 
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Table 1
Estimated values of the entropic index 𝑞 obtained from the fitting procedure of PDFs 
in Fig.  4 for different instants of time 𝑡. The reported uncertainty 𝜎𝑞 corresponds to 
the fitting error. The quality of each fit is quantified by the mean squared error (MSE) 
and mean absolute error (MAE), both of which decrease systematically as 𝑡 increases, 
indicating an improved agreement between the fitted model and the numerical data.
 Fig. 𝑡 𝑞 ± 𝜎𝑞 MSE MAE  
 4(a) 1.0 × 105 1.712 ±  0.008 1.18 × 10−4 9.79 × 10−3 
 4(b) 1.0 × 106 1.367 ±  0.002 1.20 × 10−5 2.93 × 10−3 
 4(c) 1.0 × 107 1.130 ±  0.001 3.85 × 10−6 1.52 × 10−3 
 4(d) 1.0 × 108 1.0224 ±  0.0003 1.93 × 10−7 3.25 × 10−4 

and the fitted values. For a dataset 𝑦𝑖 and corresponding fitted values 𝑦̂𝑖, with 𝑖 = 1, 2,… , 𝑛, these quantities are defined as

MSE = 1
𝑛

𝑛
∑

𝑖=1
(𝑦𝑖 − 𝑦̂𝑖)2, MAE = 1

𝑛

𝑛
∑

𝑖=1
|𝑦𝑖 − 𝑦̂𝑖|.

Table  1 quantifies the time dependence of the entropic index 𝑞 obtained from the PDFs discussed above. While values 𝑞 > 1
are commonly associated with weak chaos and long-lived correlations [37–39], it is important to note that deviations from 𝑞 = 1
may also arise from finite-time effects and incomplete statistical sampling, particularly at early stages of the evolution [40–44]. At 
short times (𝑡 = 105), the large value 𝑞 = 1.712 coincides with relatively large values of both the MSE and MAE, indicating a poorer 
overall quality of the fit. This shows that the 𝑞-Gaussian description is not yet quantitatively accurate in the early-time regime and 
suggests that the observed deviation from Gaussian statistics at early times reflects, at least in part, insufficient sampling of the 
momenta rather than an intrinsic non-Boltzmann–Gibbs regime. As time increases, both error measures decrease systematically by 
several orders of magnitude, signaling that the PDFs become progressively smoother and better resolved.

Additionally, the fitted values of 𝑞 decrease monotonically and approach unity, reaching 𝑞 = 1.0224 at 𝑡 = 108, where the MSE 
and MAE exhibit their smallest values. This simultaneous convergence of 𝑞 → 1 and of the fit errors towards very small values 
supports the interpretation that the late-time PDFs are genuinely Gaussian. Therefore, our results support the interpretation that 
the dynamics is consistent with strongly chaotic behavior : although values 𝑞 > 1 are observed at short times, these deviations can 
be attributed to finite-time and finite-sampling effects rather than to an intrinsically weakly chaotic regime. As the observation 
time increases, the entropic index 𝑞 systematically approaches unity, and the corresponding PDFs converge to the Gaussian form, 
consistent with Boltzmann–Gibbs statistics. Within this framework, the transient deviations of 𝑞 from unity reflect the finite-time 
nature of the measurements, while the asymptotic behavior provides strong evidence against a persistent weakly chaotic regime 
and is consistent with strongly chaotic behavior. In this context, it is worth noting that the 𝑞 > 1 values reported in Ref. [35] 
were obtained using a maximum sampling time of order 𝑡 = 105. As shown in Table  1, this timescale corresponds precisely to the 
early-time regime in which finite-time and finite-sampling effects are still dominant, and the PDFs are not yet fully converged. 
Our results therefore indicate that the previously reported 𝑞 > 1 values arise from the limited observation time rather than from a 
genuinely weakly chaotic or non-Boltzmann–Gibbs regime.

Fig.  5 further corroborates the interpretation drawn from the PDFs in Fig.  4 and Table  1 by displaying the full temporal evolution 
of the entropic index 𝑞(𝑡) [Fig.  5(a)–(c)] together with the corresponding mean squared error (MSE) of the fits [Fig.  5(d)–(f)] over 
six decades in time, for a wide range of 𝑁 and 𝜀. Panels (a)–(c) show 𝑞(𝑡) and the associated MSE in panels (d)–(f) for 𝜀 = 10,100, 
and 1000, respectively, and for the number of degrees of freedom ranging from 𝑁 = 25 = 32 up to 𝑁 = 213 = 8192. In all cases, 
𝑞(𝑡) decreases monotonically and approaches unity at long times, while the MSE also decreases by several orders of magnitude. This 
simultaneous convergence provides strong evidence that the asymptotic dynamics is consistent with strongly chaotic behavior. In 
this context, values 𝑞(𝑡) > 1 observed at intermediate times should be interpreted as finite-time effects associated with incomplete 
statistical sampling rather than as signatures of a weakly chaotic regime. This interpretation is further supported by the MSE 
evolution: deviations of 𝑞 from unity systematically coincide with relatively large MSE values, whereas in the long-time regime the 
MSE reaches extremely small values (∼10−10), indicating well-resolved Gaussian statistics consistent with Boltzmann–Gibbs behavior.

To further assess whether the change in statistical regime affects the dynamical properties, we have examined the time evolution 
of the largest Lyapunov exponent 𝜆1(𝑡) for four representative values of 𝑁 , as shown in Fig.  6(a). After a short initial transient, 𝜆1(𝑡)
rapidly converges to a well-defined plateau for all values of 𝑁 considered. This convergence is further confirmed in Fig.  6(b), where 
the successive differences |𝛥𝜆1| decay towards a numerical noise floor. For reference, Fig.  6(c) shows the corresponding evolution 
of the entropic index 𝑞(𝑡). As 𝑞(𝑡) → 1, no change is observed in 𝜆1(𝑡), indicating that the transition to Gaussian statistics does not 
affect the long-time value of the Lyapunov exponent nor the scaling reported in Fig.  3.

The conclusion that 𝜆1 → 0 as 𝑁 → ∞ provided in Sections 2.2 and 2.4 and in Fig.  3(b), and that 𝑞 → 1 for all finite 𝑁
may appear contradictory at first sight. However, the key point is that the LLE only becomes zero in the strict thermodynamic 
limit. For any large but finite 𝑁 , chaos originates from parametric instability, i.e., the stochastic noise that decreases with 𝑁 as 
(𝑁−1∕2) [33,34,48]. This stochasticity is the mechanism that seeds chaos at finite 𝑁 , and therefore, for large finite 𝑁 , the system 
exhibits chaotic behavior induced by finite-size fluctuations. As 𝑁 increases, the amplitude of the noise decreases as 𝑁−1∕2 and the 
LLE decreases accordingly. Chaos, in this case, becomes ‘‘weaker’’ (slower divergence, smaller 𝜆1), but it remains chaotic at finite 
𝑁 , even though the corresponding Lyapunov exponent becomes progressively smaller as 𝑁 increases.
9 
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Fig. 5. (a)–(c) Entropic index 𝑞 and (d)–(f) the mean squared error (MSE) as a function of time for different number of degrees of freedom 𝑁
and different specific energy 𝜀: (a) and (d) 𝜀 = 10, (b) and (e) 𝜀 = 100, and (c) and (f) 𝜀 = 1000. The 𝑞 values have been obtained via the best fit 
of the numerical PDFs at each instant of time.  (For interpretation of the references to color in this figure legend, the reader is referred to the 
web version of this article.)

Fig. 6. (a) Largest Lyapunov exponent 𝜆1(𝑡), (b) successive differences 𝛥𝜆1(𝑡), and (c) entropic index 𝑞(𝑡) as a functions of time for 𝑁 = 256
(blue), 512 (orange), 1024 (green), and 2048 (red), with 𝜀 = 100. The 𝑞(𝑡) curves start at 𝑡 = 104 after removal of the initial transient used in 
the momentum PDF estimation.  (For interpretation of the references to color in this figure legend, the reader is referred to the web version of 
this article.)

Additionally, Fig.  5(a)–(c) shows that the convergence of 𝑞(𝑡) → 1 becomes progressively slower as 𝑁 increases. At first glance, 
this behavior could suggest the presence of long-lived non-Gaussian states [37–39]. However, it can be consistently understood 
within the same dynamical picture discussed above. Chaos at finite 𝑁 is seeded by an effective stochastic component whose 
amplitude decreases with the number of degrees of freedom. As 𝑁 grows, this stochasticity becomes weaker and, consequently, 
longer times are required for statistical observables, such as the momentum PDFs, to approach their asymptotic Gaussian form. In 
this sense, the delayed convergence of 𝑞(𝑡) reflects the diminishing strength of chaotic fluctuations with increasing 𝑁 , rather than 
the presence of a distinct long-lived non-Boltzmann–Gibbs regime. Moreover, the fact that 𝑞(𝑡) monotonically converges to unity at 
10 
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long times is difficult to interpret as evidence for long-lived non-Boltzmann–Gibbs states and instead supports the interpretation 
that the observed deviations from Gaussian statistics are transient.

4. Conclusions

In this paper, we have investigated the dynamical and statistical properties of a quartic mean-field Hamiltonian model, with the 
aim of clarifying the behavior reported in recent studies of this system [35]. We first addressed the thermodynamic limit of the 
model within the Vlasov collisionless framework. In this limit, the dynamics is effectively described by an autonomous one-degree-
of-freedom Hamiltonian system, indicating integrability of the microscopic motion in the asymptotic limit 𝑁 → ∞. We verified this 
property numerically by analyzing the fluctuations of the intensive moments 𝑀𝑘 and of the single-particle effective energy 𝐸eff  as 
functions of the number of degrees of freedom 𝑁 . We showed that the corresponding standard deviations decay algebraically with 
system size, following 𝜎 ∝ 𝑁−1∕2, demonstrating that the mean-field force becomes effectively time independent. Additionally, the 
single-particle effective energy becomes a constant of motion only in the strict thermodynamic limit, providing direct numerical 
evidence that the system approaches integrability as 𝑁 → ∞.

We then focused on the dynamical behavior of the model for finite, but large, values of 𝑁 . We computed the largest Lyapunov 
exponent (LLE) over an exceptionally wide range of 𝑁 , from 𝑁 = 210 = 1024 up to 𝑁 = 220 = 1 048 576. Our results show that the 
LLE decays algebraically with 𝑁 according to 𝜆1 ∝ 𝑁−0.31, extending previous numerical studies of the same model by more than 
two orders of magnitude in 𝑁 [35]. This scaling is consistent with the theoretical and numerical predictions 𝜆1 ∝ 𝑁−1∕3 reported 
for several long-ranged and mean-field Hamiltonian systems [7,18,20,21].

In Ref. [35], the observed decay of 𝜆1 with 𝑁 was interpreted as evidence of weakly chaotic dynamics. To clarify this point, 
we analyzed the time evolution of the entropic index 𝑞 for different values of 𝑁 , using the 𝑞-Gaussian as a diagnostic measure 
of deviations from Gaussian statistics rather than as an exact model of the momentum distribution. We found that, in all cases, 𝑞
converges monotonically to unity as the sampling time increases, while the largest Lyapunov exponent remains positive and reaches 
a stable plateau. Taken together, these results consistently indicate chaotic dynamics at finite 𝑁 , with no evidence of a persistent 
weakly chaotic regime. The non-Gaussian features observed at earlier times are transient, and the momentum distributions approach 
Gaussian statistics at long times.

These results provide a consistent interpretation of the interplay between finite-size effects, statistical properties, and dynamical 
indicators in mean-field Hamiltonian systems. In particular, they show that deviations from Gaussian statistics and small values of the 
largest Lyapunov exponent at finite 𝑁 may reflect slow convergence in time and system size rather than a distinct dynamical regime. 
By combining large-scale simulations with time-resolved analysis, we offer a clearer characterization of the large-𝑁 and long-time 
behavior of the model, which is relevant for the interpretation of numerical and experimental studies of long-range interacting 
systems.
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