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ABSTRACT
The destruction of regular regions in two-dimensional, area-preserving maps is traditionally described in terms of the breakup of invariant 
curves and the persistence of transport barriers. Here, we investigate how this scenario changes when continuity is lost. We study the extended 
standard nontwist map with a perturbation whose period differs from a full revolution on the cylinder. In this setting, the induced map on the 
cylinder becomes discontinuous, even though the map remains smooth on the real line. Using complementary chaos diagnostics, we find that 
regular islands are not enclosed by a single invariant curve but instead undergo hierarchical fragmentation into smaller regular components 
connected by chaotic channels. We show that trajectories initialized near elliptic points exhibit long trapping followed by escape, ruling out 
the existence of a global transport barrier. The fragmentation occurs when island chains are centered on the discontinuity line, while island 
chains away from it preserve the conventional islands-around-islands structure. By restoring continuity of the induced map on the cylinder 
in a modified formulation, we recover smooth invariant curves and eliminate fragmentation, demonstrating that the hierarchical structure 
originates from discontinuity rather than twist violation alone. Similar behavior is also observed in other two-dimensional area-preserving 
maps, indicating that the phenomenon is not restricted to nontwist systems.

Published under an exclusive license by AIP Publishing. https://doi.org/10.1063/5.0335604

Understanding how transport barriers break down in nonlinear 
dynamical systems is a central problem with implications ranging 
from plasma confinement to fluid mixing and celestial mechan-
ics. In two-dimensional area-preserving systems, this process is 
traditionally described by the progressive destruction of invari-
ant curves, which act as barriers to transport. In this paper, we 
show that this classical picture fails when the induced map on 
the cylinder loses continuity. By studying the extended standard 
nontwist map with a perturbation that is smooth on the real 
line but nonperiodic on the cylinder, we demonstrate that island 
chains intersecting the discontinuity line are not enclosed by a 
single invariant curve but instead fragment into a hierarchy of 

smaller structures connected by chaotic channels. Using a com-
bination of escape times, Lyapunov exponents, the smaller align-
ment index (SALI), and recurrence-time entropy, we reveal that 
trajectories can remain trapped for extremely long times despite 
being chaotic, highlighting the crucial role of stickiness in this 
fragmented phase space. By comparing with a continuous for-
mulation of the same system and with additional area-preserving 
maps whose induced dynamics on the cylinder is discontinuous, 
we show that this hierarchical fragmentation originates from the 
interaction between the discontinuity line and island chains, indi-
cating that the phenomenon is a general feature of discontinuous 
two-dimensional area-preserving maps.

Chaos 36, 063129 (2026); doi: 10.1063/5.0335604 36, 063129-1
Published under an exclusive license by AIP Publishing
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I. INTRODUCTION
A two-degrees-of-freedom Hamiltonian system can be reduced 

to a two-dimensional, area-preserving map by using energy conser-
vation and introducing an appropriate Poincaré surface of section.1 
In general, the phase space of the resulting map is characterized 
by the coexistence of integrable and hyperbolic regions. Then, it 
exhibits a mixed structure, in which regular regions organized 
around invariant curves coexist with chaotic regions. In two-
dimensional, area-preserving maps, invariant curves play a central 
role in shaping transport. They act as absolute barriers, preventing 
chaotic trajectories from crossing between distinct chaotic regions of 
phase space. The destruction of these invariant curves under pertur-
bations is classically described by the Kolmogorov–Arnold–Moser 
(KAM) and Poincaré–Birkhoff theorems.1 As the perturbation 
strength increases, invariant curves break, resonant island chains 
appear, and chaotic regions expand. Consequently, the global trans-
port of chaotic trajectories is directly related to the organization and 
persistence of regular structures within the chaotic sea.

Even after invariant curves are destroyed, their remnants con-
tinue to influence transport. The cantori,2–4 which arise from the 
breakup of invariant curves, act as partial barriers that slow down 
transport without completely blocking it. This interplay between 
regular regions, invariant structures, and chaotic motion gives rise to 
the phenomenon of stickiness.4–16 Chaotic trajectories that approach 
regular regions may remain trapped in their vicinity for long 
times, during which their dynamics closely resembles quasi-periodic 
motion, before eventually returning to the chaotic sea.

The existence of cantori has been rigorously established for 
nondegenerate Hamiltonian systems, in which the frequency of 
motion depends monotonically on the action variables.1 For two-
dimensional maps, this nondegeneracy requirement is expressed 
by the twist condition, defined as the nonvanishing of the shear, 
∂xn+1/∂yn ̸= 0, throughout phase space. Maps that satisfy this con-
dition everywhere are referred to as twist maps, while those that 
violate it at one or more locations are classified as nontwist maps. 
Violations of the twist condition introduce qualitatively new dynam-
ical features, including shearless invariant curves and reconnection 
phenomena, which have no counterpart in twist systems. A paradig-
matic example is the standard nontwist map (SNM),17,18 which has 
become a canonical model for studying the dynamics of nontwist 
systems and the universal properties associated with twist violation. 
Although some analytical progress has been made using extensions 
of the KAM theory,19 most results for nontwist maps rely on numer-
ical simulations,20–25 especially transport-related properties.26–35

Despite the additional dynamical features introduced by twist 
condition violation, the vast majority of studies on nontwist maps 
assume that the induced map on the cylinder is smooth and well 
defined. In these systems, the forcing terms are periodic in the 
angular variable, so the induced dynamics defines a smooth, area-
preserving transformation on T × R. Under these assumptions, the 
destruction of regular regions follows the usual scenario: invariant 
curves break through resonances, island chains form, and transport 
is mediated by cantori and chaotic layers, even though the detailed 
mechanisms may differ from the twist case. Much less is known 
when the induced map on the cylinder loses continuity. Area-
preserving maps with explicit discontinuities or piecewise smooth 

definitions have, nevertheless, been investigated in several contexts, 
including sawtooth maps,36,37 piecewise linear standard maps,38 and 
piecewise parabolic Frenkel–Kontorova models.39 In these systems, 
the loss of smoothness or continuity is introduced explicitly through 
a piecewise definition of the map or of the underlying potential. 
Here, instead, the map remains infinitely differentiable on R, but 
the induced map on the cylinder loses continuity after the mod-
ulo projection because the perturbation is not compatible with 
the 1-periodic identification of the angular variable. Therefore, the 
mechanism considered in this work differs fundamentally from the 
usual nonsmooth or piecewise-defined maps studied in the litera-
ture: the map is locally smooth everywhere on R, but the induced 
map on T × R becomes discontinuous because the perturbation is 
not 1-periodic in the angular variable. In this situation, the clas-
sical framework based on invariant curves, cantori, and enclosing 
transport barriers may no longer apply. In particular, it is not clear 
whether regular islands can still be bounded by a single outer invari-
ant curve, or whether their destruction proceeds through a different 
mechanism altogether.

Therefore, motivated by these questions, in this paper, we 
investigate how the loss of continuity of the induced map on the 
cylinder affects the structure of regular regions in a paradigmatic 
nontwist system. We focus on the extended standard nontwist map 
(ESNM),40,41 which is an extension of the SNM through an addi-
tional perturbation term whose periodicity depends on a parameter 
m. When m is noninteger, the perturbation remains smooth on the 
real line but is no longer periodic with unit period, so the induced 
dynamics on the cylinder becomes discontinuous. In a previous 
work,35 we showed that this discontinuity produces highly nontriv-
ial transport properties and unusual manifold configurations. Here, 
we investigate the phase-space structures underlying these phenom-
ena. By varying the perturbation strength and the parameter m, we 
analyze how regular islands are modified, whether transport barri-
ers survive, and how the destruction of regular regions differs from 
the standard scenario of smooth area-preserving maps. We show 
that island chains centered at the discontinuity line undergo a frag-
mentation process in which the regular region is no longer enclosed 
by a single invariant curve, but instead becomes organized into 
disconnected smaller structures separated by chaotic channels. To 
demonstrate that this phenomenon is not restricted to the ESNM, in 
the supplementary material, we present additional examples in other 
area-preserving maps whose induced dynamics on the cylinder is 
discontinuous.

This paper is organized as follows: In Sec. II, we introduce the 
ESNM and present its phase space structure for noninteger values of 
m. In Sec. III, we use complementary chaos indicators, the escape 
times, the largest Lyapunov exponent,42–44 and the smaller align-
ment index (SALI),45,46 to characterize the dynamical properties of 
the islands. Section IV focuses on the intermittent dynamics inside 
the islands, analyzed through a finite-time recurrence-time entropy 
(RTE) approach.47 Section V discusses the mechanism responsible 
for the fragmentation and presents additional examples illustrating 
the generality of the phenomenon. In Sec. VI, we introduce a mod-
ified version of the ESNM defined on a larger cylinder, where the 
induced dynamics on the enlarged cylinder becomes continuous for 
rational values m = p/q, providing a continuous nontwist reference 
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system. Finally, Sec. VII summarizes our results and presents the 
conclusions.

II. THE MODEL
The Hamiltonian function of a quasi-integrable, autonomous 

system with two degrees of freedom can be written, in terms of 
action-angle variables (y, x) ≡ (y1, y2, x1, x2), as1

H(y1, y2, x1, x2) = H0(y1, y2) + εH1(y1, y2, x1, x2), (1)

where H0 is an integrable Hamiltonian, H1 represents a pertur-
bation, and ε controls the perturbation strength. The trajectories 
generated by Eq. (1) evolve in a four-dimensional phase space. Since 
the system is autonomous and, assuming a kinetic energy quadratic 
in the velocities, the Hamiltonian coincides with the total mechan-
ical energy, H = T + V ≡ E, which is conserved, dH/ dt = ∂H/∂t
= 0. Energy conservation reduces the effective dimensionality by 
one: one variable (e.g., y2) can be expressed in terms of the remain-
ing three and the fixed energy E, so that trajectories with energy E 
are confined to a three-dimensional energy surface embedded in the 
four-dimensional phase space. A further reduction is obtained by 
introducing a suitable Poincaré surface of section (PSS). For a broad 
class of quasi-integrable Hamiltonian systems, choosing the section 
defined by x2 = const and projecting onto the (x1, y1) plane yields 
a two-dimensional map M : T × R → T × R, where T = R/Z, of 
the form1

yn+1 = yn + εf(xn, yn+1),

xn+1 = xn +Ω(yn+1) + εg(xn, yn+1) (mod 1),
(2)

where f and g are periodic functions of their arguments (with period 
2π , where T = R/(2πZ) or 1, where T = R/Z), and Ω(y) is the 
rotation number. The derivative dΩ/ dy defines the shear of the 
map. Equation (2) relates successive intersections of a trajectory with 
the PSS. The map is area preserving provided that f and g satisfy

∂f

∂yn+1
+

∂g

∂xn
= 0.

A common and convenient choice is to set g ≡ 0 and take 
f as a function of the angle variable only, for instance, f(xn)

= sin xn, which automatically satisfies the area-preservation condi-
tion. Different choices of the rotation function Ω(y) lead to a variety 
of well-known models, including the standard map (Ω(y) = y),48 
the static Fermi–Ulam model (Ω(y) = 2/y),49,50 the bouncer model 
(Ω(y) = δy),51,52 the logistic twist map (Ω(y) = y + ay2),22 the stan-
dard nontwist map (Ω(y) = a(1 − y)2),17,18 and the Leonel map, a 
generalization of the Fermi–Ulam model (Ω(y) = 1/|y|γ ),53–57 among 
others. In this context, a map is said to be twist if the rotation 
number is a monotonic function of the action variable, either 
strictly increasing or strictly decreasing. This requirement can be 
expressed as ⃓⃓⃓⃓

∂xn+1

∂yn

⃓⃓⃓⃓
=

⃓⃓⃓⃓
∂Ω(yn+1)

∂yn

⃓⃓⃓⃓
> 0, (3)

for all (xn, yn). If condition (3) is violated in any region of phase 
space, the map is classified as nontwist.

In this work, we focus on the extended standard nontwist map 
(ESNM),40,41 defined by

yn+1 = yn − b sin(2πxn) − c sin(2πmxn),

xn+1 = xn + a
(︁
1 − y2

n+1

)︁
(mod 1).

(4)

Here a, b, c, and m are real-valued parameters. The ESNM reduces 
to the standard nontwist map (SNM)17,18 when either c = 0 or m = 0. 
In its original formulation, the parameter m was restricted to posi-
tive integers.40,41 More recently, however, transport properties of the 
ESNM have been investigated for real values of m,35 extending the 
results for the integer case.29 It is crucial to mention that even though 
the forcing term f(x) = −b sin(2πx) − c sin(2πmx) is smooth on 
the real line R, any noninteger m makes the ESNM discontinuous on 
the cylinder T × R, where T = R/Z. Specifically, f(x) is q-periodic 
on R for rational m = p/q (in the lowest terms), while irrational m 
yields a quasi-periodic forcing on R. In both cases, the forcing term 
is not 1-periodic, so the map is not continuous after the modulo-1 
identification that defines the cylinder.

Therefore, for noninteger m, the ESNM is not a nonsmooth 
map in the usual sense of piecewise smooth dynamical systems. 
The forcing term remains infinitely differentiable on R, and no 
local singularities or derivative discontinuities are introduced. The 
loss of continuity arises only after identifying points modulo 1 in 
the angular variable. Consequently, the map is smooth on R but 
discontinuous on T × R.

Our goal is to investigate precisely how this discontinuity 
affects the dynamics of the ESNM. In all numerical simulations, we 
fix the parameters at a = b = 0.53. For the SNM (c = 0 or m = 0), 
these values give rise to two chains of distinct period-2 islands 
[Fig. 1(a)]. We then vary c and m to introduce the discontinuity. 
Figure 1 shows the phase space of the ESNM for several rational 
(and one irrational) values of m, with c = 0.005. Panels (a), (d), (g), 
and (i), corresponding to integer values of m, represent the continu-
ous case and are shown for reference. In all other cases (noninteger 
m), the islands exhibit clear qualitative differences from the con-
tinuous case. Some islands display dense accumulations of points 
around them [e.g., the lower island chain in Fig. 1(b)], visible as 
darker regions associated with sticky chaotic motion, while others 
lose the smooth nested curves observed in the continuous case and 
instead develop more irregular internal structures [e.g., the upper 
island chain in Fig. 1(e)].

The detailed organization of these structures is investigated 
in Fig. 2, which shows magnifications of the central (upper and 
lower) islands for m = 0.8 and different values of c. Panels (a) and 
(b) depict the continuous case (c = 0) from the upper and lower 
islands, respectively. As c increases, the invariant curves gradually 
break down, giving way to small chaotic regions and chains of 
smaller islands, although some curves appear to persist even for 
c > 0. The novelty here is not the presence of darker regions or 
chains of smaller islands per se. Such features are typical in area-
preserving maps and are known to lead to the stickiness effect. 
Usually, these island chains organize themselves into a hierarchi-
cal structure, with large islands surrounded by smaller ones, which 
are, in turn, surrounded by even smaller islands, and so on and so 
forth. Consequently, the darker regions (where trajectories become 
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FIG. 1. Phase space of the extended standard nontwist map [Eq. (4)] for a= b= 0.53, c= 0.005 and (a) m= 0.0, (b) m= 0.4, (c) m= 0.8, (d) m= 1.0,
(e) m = (

√
5 + 1)/2, (f) m= 1.8, (g) m= 2.0, (h) m= 2.3, and (i) m= 3.0.

trapped) are generally located around these chains. In our case, how-
ever, we observe a diffuse blur of dark points occupying most of the 
area where the original (c = 0) island used to be. Moreover, while 
a hierarchical islands-around-islands structure persists, it manifests 
itself as a web-like tangle rather than the clean, self-similar structure 
seen in Figs. 2(a) and 2(b) with c = 0, for instance.

III. DYNAMICAL CHARACTERIZATION OF THE ISLANDS
To quantitatively investigate the behavior described in Sec. II, 

we compute the escape time for a 1000 × 1000 grid of initial con-
ditions. Specifically, we consider trajectories originating within the 
regions shown in Fig. 2 and measure the number of iterations 
required for them to reach either y = 1 or y = −1, up to a maximum 
of 108 iterations. The escape times are shown in Figs. 3(a)–3(h). In 
this representation, initial conditions that quickly escape are col-
ored from black to blue, those with intermediate escape times range 
from green to yellow, and those with very long escape times appear 

in red. Initial conditions that do not escape within the maximum 
iteration time are shown in gray. For small c [Figs. 3(a) and 3(e)], 
almost no trajectory escapes from within the island up to 108 iter-
ations. As c increases, more trajectories escape, although typically 
after extremely long times of the order of 107. A naïve interpretation 
would be that the non-escaping trajectories in Figs. 3(a), 3(b), 3(e), 
and 3(f) correspond to regular motion, which is generally expected 
for continuous, two-dimensional, area-preserving maps. However, 
it is also possible that these trajectories are chaotic but require longer 
times to escape.

To clarify this point, we compute the smaller alignment index 
(SALI)45,46 for the same grid of initial conditions to distinguish 
between regular and chaotic dynamics. The computation of SALI 
proceeds as follows. Consider a d-dimensional discrete-time dynam-
ical system Φn(x0) in Rd, and let DΦn(x0) denote the nth iterate of its 
Jacobian matrix. The deviation (tangent) vectors evolve according to

w(n) = DΦn(x0)w(0). (5)
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FIG. 2. Magnifications around the upper (top row) and lower (bottom row) central islands for a= b= 0.53, m= 0.8, and (a) and (b) c= 0, (c) and (d) c= 1.0× 10−5,
(e) and (f) c= 5.0× 10−5, (g) and (h) c= 1.0× 10−4, (i) and (j) c= 5.0× 10−4, and (k) and (l) c= 1.0× 10−3.

The general solution of Eq. (5) can be written as

w(n) =

d∑︂
i=1

cie
λinêi,

where λi are the Lyapunov exponents and êi are the corresponding 
unit directions, where the hat notation means a unit vector: ∥ê∥ = 1. 
To compute SALI, we follow the evolution of two distinct deviation 
vectors along the orbit. SALI quantifies whether the correspond-
ing normalized (unit) vectors become linearly dependent, that is, 
whether they tend to align, and is defined as

SALI(n) = min
{︁⃦⃦

ŵ1 − ŵ2

⃦⃦
,
⃦⃦
ŵ1 + ŵ2

⃦⃦}︁
. (6)

Geometrically, SALI measures the area of the parallelogram formed 
by the two vectors ŵ1 and ŵ2. Its behavior differs depending on 
whether the orbit is regular or chaotic. For two-dimensional, area-
preserving maps, SALI decays algebraically for regular motion as 
SALI ∝ n−p, with typically p ≈ 2.58,59 In contrast, for chaotic orbits 
SALI decays exponentially in time according to the two largest Lya-
punov exponents as SALI ∝ e−(λ1−λ2)n.60,61 Since SALI for chaotic 
orbits decays much faster, regular and chaotic dynamics can be 
distinguished by computing SALI for a moderate number of iter-
ations, e.g., 106, and comparing its final value. For chaotic orbits, 
SALI rapidly reaches machine precision due to exponential decay, 
whereas for regular motion, it decreases much more slowly follow-
ing an algebraic law. For 106 iterations, we expect SALI for regu-
lar orbits to remain above approximately 10−12. Therefore, values 
below this threshold can be safely interpreted as indicating chaotic 
dynamics.

Figures 3(i)–3(p) shows SALI computed over the same grid of 
initial conditions used in Figs. 3(a)–3(h). Black regions correspond 
to SALI values below double-precision machine accuracy (10−16), 

indicating chaotic dynamics, while all other colors (from light blue 
to gray) identify regular motion. A key observation is that many tra-
jectories inside the islands that appear non-escaping in Figs. 3(a) 
and 3(b) are in fact chaotic. This is clearly revealed by the extended 
black regions within the islands in Figs. 3(i) and 3(j). These orbits 
remain trapped for more than 108 iterations, not because they are 
regular, but due to strong stickiness near remnant invariant struc-
tures. Therefore, escape time alone would incorrectly classify these 
trajectories as regular.

Another notable feature is the pronounced asymmetry between 
the upper and lower island chains. The lower island chain consis-
tently retains significantly larger regular regions, whereas the upper 
island chain is dominated by chaotic motion even for small values 
of c. Since the two structures correspond to distinct period-2 res-
onances surrounded by different invariant structures, there is no 
reason to expect that the second perturbation should affect them 
identically. The observed asymmetry, therefore, reflects the local 
nature of the breakup process, with different resonant structures 
responding differently to the discontinuity of the map on the cylin-
der. SALI, therefore, provides a more reliable characterization of the 
islands than escape time alone, allowing us to quantify how the per-
turbation parameter c alters the balance between regular and chaotic 
motion. To investigate this effect systematically, we compute con-
servative generalized bifurcation diagrams (CGBDs)62 for the upper 
[Fig. 4(a)] and lower [Fig. 4(b)] central islands.

CGBDs are constructed by fixing x0 = 0.5, then computing the 
SALI up to 106 iterations for (upper chain) y0 ∈ [0.0, 0.4], (lower 
chain) y0 ∈ [ − 0.42, 0.0], and c ∈ [10−16, 10−1]. For extremely small 
perturbations, c ∈ [10−16, 10−10], the upper chain remains essentially 
unaffected. However, for moderately small values of c, starting at 
c ≈ 10−10, most of the regular region is rapidly replaced by chaotic 
motion, leaving only a small surviving regular region around the 
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FIG. 3. (a)–(h) Escape time and (i)–(p) the smaller alignment index (SALI) for a uniformly distributed grid of initial conditions around the (a)–(d) and (i)–(l) upper island and 
the (e)–(h) and (m)–(p) lower island for a= b= 0.53, m= 0.8, and (a), (e), (i), and (m) c= 5.0× 10−5, (b), (f), (j), and (n) c= 1.0× 10−4, (c, g, k, o) c= 5.0× 10−4, and 
(d, h, l, p) c= 1.0× 10−3. For the escape time, each initial condition is iterated (up to 108 iterations) until it escapes the region defined by y ∈ [− 1, 1]. The non-escaping 
initial conditions are colored as gray.

elliptic point. As c increases further, this central regular region 
expands slightly, but it never recovers the extent observed in the 
unperturbed case (c = 0). In contrast, the lower chain exhibits much 
greater resistance to the second perturbation. Its regular structure 
remains largely intact over several orders of magnitude in c, and sig-
nificant destruction of regular regions occurs only for comparatively 
large perturbations, around c ≈ 10−3. These results demonstrate that 
different resonant island chains can respond very differently to the 
discontinuity of the map on the cylinder. This behavior, however, is 
not universal: depending on the parameters, the opposite situation 
can also occur, with the upper island chain being more resistant than 
the lower one (not shown).

The progressive destruction of regular motion under perturba-
tions in Hamiltonian systems is classically described by the KAM 
and Poincaré–Birkhoff theorems.1 Even in smooth, area-preserving 
maps on the cylinder, this scenario is highly non-trivial: increasing 

the perturbation typically breaks invariant tori, creates resonant 
island chains, and enhances transport through the growing chaotic 
sea. For maps that are continuous on the cylinder, a common pic-
ture is that, as the perturbation becomes stronger, more and more 
KAM curves are destroyed, and the effective size of an island shrinks. 
Nevertheless, as long as invariant curves persist, the interior of the 
island remains foliated by invariant curves that act as absolute trans-
port barriers. The island is then bounded by an outermost invariant 
curve (often referred to as the last KAM curve). When this outer 
barrier finally breaks, the island does not disappear instantaneously; 
rather, the boundary retreats inward as a surviving inner invariant 
curve becomes the new outermost barrier.

In the present system, the situation is complicated by the 
discontinuity introduced by non-integer m. This raises a central 
question about the topology of the regular region and the nature 
of its boundary: does there exist a single global “last KAM curve” 
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FIG. 4. Conservative generalized bifurcation diagrams (CGBDs)62 illustrating 
the effect of the perturbation parameter c on the central islands for x0 = 0.5 
and m= 0.8. Panels (a) and (b) correspond to one-dimensional scans of ini-
tial conditions y0 along vertical lines intersecting the upper and lower resonant 
islands, respectively. For each pair (c, y0), the smaller alignment index (SALI) 
was computed up to 106 iterations. The color scale represents the final SALI 
value, revealing the transition from regular motion (non-vanishing SALI) to chaotic 
behavior (SALI→ 0) as the perturbation strength c increases.

enclosing the whole island and acting as a complete barrier to trans-
port? Or, instead, does the perturbation destroy the island in a 
fragmented way, leaving behind only smaller and smaller regular 
components that are no longer enclosed by a unique invariant curve? 
To address this question, we probe the innermost region of the 
islands using initial conditions located at the elliptic fixed points of 
the unperturbed case c = 0. For c = 0, the map admits two period-2 
elliptic points located at the centers of the upper (+) and lower (−) 
central islands

(x±, y±) =

(︄
0.5, ±

√︃
1 −

1

2a

)︄
. (7)

These points are kept fixed as initial conditions while c is varied, and 
the largest Lyapunov exponent (LLE),42–44 λ1, is computed as a func-
tion of time for different values of c (Fig. 5). For c > 0, the elliptic 
periodic points generally shift in phase space and may change stabil-
ity. Therefore, the trajectories are no longer initialized exactly on the 
periodic orbit, but instead inside the innermost region of the frag-
mented structure. Our goal is to test whether trajectories initialized 
deep inside the island remain permanently confined or eventually 
escape through the fragmented phase-space structure. For c = 0, the 
LLE decays algebraically as λ1 ∝ n−1, which is the expected decay 

FIG. 5. The absolute value of the largest Lyapunov exponent λ1 for different val-
ues of c, computed from an initial condition located at the elliptic point of the central 
islands for c= 0: (a) upper island and (b) lower island. When c> 0, the elliptic 
point may shift or vanish; therefore, the initial condition is kept fixed at the phase-
space location of the elliptic point at c= 0. The black dashed line corresponds to 
the slope of n−1.

for the LLE of periodic orbits.62 When c > 0, the LLE initially fol-
lows the same algebraic decay, indicating that the trajectory remains 
temporarily trapped close to a regular region (the stickiness effect). 
However, after a finite time, λ1 exhibits an abrupt increase and con-
verges to a positive value, signaling escape to a chaotic region. This 
transient algebraic decay followed by a sudden growth of the LLE 
is characteristic of weakly chaotic dynamics.63 In the case of the 
upper island [Fig. 5(a)], two distinct abrupt changes in the LLE 
are observed. The first marks the escape from the innermost reg-
ular region into a surrounding chaotic layer, which can be seen in 
Figs. 3(i)–3(l), where the LLE stabilizes temporarily at values slightly 
above 10−4. The second increase corresponds to a complete escape 
from the island region altogether.

Since the initial conditions are chosen deep inside the inner-
most region of the islands, close to the elliptic periodic points of the 
unperturbed system, the subsequent abrupt increases and eventual 
convergence of the LLE to positive values provide strong evidence 
against the existence of a global transport barrier. Such behavior 
is incompatible with a globally enclosing invariant curve. If a last 
KAM curve were present, trajectories initialized near the center 
of the islands would remain permanently confined, and the LLE 
would continue to decay algebraically for all times. Therefore, no 
single “last KAM curve” encloses the islands. Instead, the regular 
regions break up in a fragmented manner, with transport occurring 
through chaotic channels connecting different spatial scales within 
the island.

Figure 6 shows successive magnifications of the phase space in 
the vicinity of the centers of the upper (top row) and lower (bot-
tom row) islands for c = 10−4 and m = 0.8. At coarse resolution 

Chaos 36, 063129 (2026); doi: 10.1063/5.0335604 36, 063129-7
Published under an exclusive license by AIP Publishing

 
1
6
 
J
u
n
e
 
2
0
2
6
 
1
3
:
1
1
:
1
6



 Chaos ARTICLE   pubs.aip.org/aip/cha

FIG. 6. Magnifications around the centers of the upper (left column) and lower (right column) islands for a= b= 0.53, c= 1.0× 10−4, and m= 0.8. Panel (c) shows a 
magnification of the red dashed box in panel (a), while panel (d) shows a magnification of the red dashed box in panel (b).

[Figs. 6(a) and 6(d)], the interior of the islands appears qualita-
tively similar to the continuous case on the cylinder: trajectories 
lie on apparently closed curves, suggesting quasi-periodic motion 
organized around elliptic periodic points, with inner resonances 
in between quasi-periodic trajectories. However, this apparent reg-
ularity is misleading. Upon increasing the resolution [Figs. 6(b) 
and 6(e)], the closed curves are revealed not to be smooth invari-
ant tori, but rather chains of small secondary islands separated 
by narrow gaps. Further magnification [Figs. 6(c) and 6(f)] shows 
that these structures form a web-like pattern composed of chains 
of resonant islands interspersed with chaotic channels through 
which the trajectories can escape, rather than continuous invariant 
curves. This hierarchical island chain structure is consistent with a 
Poincaré–Birkhoff-type breakup of invariant curves and provides 
direct phase-space evidence of the aforementioned fragmentation 
within the islands. Similar patterns have been observed in a tilted-hat 
mushroom billiard64 and in a two-degrees-of-freedom Hamiltonian 
model with two periodic potentials, where the authors named these 
structures as myriads.65

IV. FINITE-TIME RECURRENCE-TIME ENTROPY 
ANALYSIS

The phase space magnifications in Fig. 6 reveal that the interior 
of the regular islands is populated by a hierarchy of small resonant 
structures separated by narrow chaotic channels. In this fragmented 
setting, the dynamics is intermittent: a single trajectory alternates 
between prolonged trapping near island remnants and rapid excur-
sions through chaotic regions, until it eventually escapes to the 
chaotic sea. Consequently, asymptotic indicators, such as the LLE, 
are not sufficient to characterize the local dynamical behavior inside 
the islands. To analyze this intermittent dynamics, we, therefore, 

introduce the recurrence-time entropy (RTE), obtained from recur-
rence plots (RPs).66 The RTE was originally introduced indepen-
dently of RPs67 and provides an estimate of the Kolmogorov–Sinai 
entropy.68 It is a particularly effective indicator of chaotic behavior 
because it benefits directly from Slater’s theorem:69,70 quasi-periodic 
orbits lying on invariant circles with rotation number ω can have at 
most three distinct return times, corresponding to the time required 
for a trajectory to return to the neighborhood of a previously vis-
ited state. Additionally, the third return time is always the sum of 
the other two, and two of them are consecutive denominators in the 
continued fraction expansion of the irrational rotation number ω.

There are two standard ways to obtain the recurrence 
(or return) times of a trajectory. The first consists of selecting an ini-
tial condition, defining a neighborhood of size ε around it, and mea-
suring the time required for the trajectory to return to this region. By 
iterating the system for a sufficiently long time, one obtains a distri-
bution of recurrence times, from which the Shannon entropy can 
be computed. An alternative approach is based on recurrence plots 
(RPs),66 which provide a graphical representation of the recurrences 
of a d-dimensional time series xi = (x(1)

i , x(2)
i , . . . , x(d)

i ), where i = 1, 
2, . . . , N and N is the length of the time series. The N × N recurrence 
matrix is defined as

Rij = H
(︁
ε − ∥xi − xj∥

)︁
,

where i, j = 1, 2, . . . , N, H( · ) denotes the Heaviside unit step func-
tion, ε is a small threshold, and ∥xi − xj∥ is the distance between the 
ith and jth states in phase space, computed using a suitable norm. 
Throughout this paper, we use the maximum L∞ norm.

The recurrence matrix is a binary matrix that takes the value 
1 when the states i and j are closer than ε, indicating a recurrence, 
and the value 0 otherwise. Several strategies exist for choosing the 
threshold ε, each with its own advantages and limitations. The two 
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most common approaches are to set ε as a fraction of the standard 
deviation of the time series or to select ε such that a fixed recurrence 
rate, RR, is obtained. Regardless of the chosen criterion, the influ-
ence of a finite ε cannot be completely eliminated. In this work, we 
choose ε so that the recurrence rate is fixed at RR = 0.05.

The most prominent structures in an RP are diagonal, vertical, 
and white vertical lines, and a variety of measures based on these 
structures have been proposed in the literature. For a detailed dis-
cussion, we refer the reader to Refs. 71–75 and references therein. 
Of particular relevance for the present analysis are the white ver-
tical lines, defined as vertical gaps between consecutive diagonal 
lines. These structures provide a lower bound for the recurrence 
times.68,76–78 As a result, instead of following a trajectory for very long 
iteration times, one can analyze a shorter time series, construct its 
RP, and extract the distribution P(ℓ) of white vertical line lengths ℓ. 
The entropy of the normalized distribution defines the recurrence 
time entropy,

RTE = −

ℓmax∑︂
ℓ=ℓmin

p(ℓ) log p(ℓ), (8)

where p(ℓ) denotes the normalized distribution, and ℓmin and ℓmax

are the lengths of the shortest and longest white vertical lines, respec-
tively. Typically, ℓmin = 1, while ℓmax corresponds to the longest 
line found in the RP. For a periodic orbit, there is only a single 
recurrence time corresponding to the period, which yields RTE = 0. 
A quasi-periodic orbit admits three recurrence times and, therefore, 
produces a small RTE value. In contrast, a chaotic orbit can exhibit 
a large number of recurrence times, leading to a comparatively large 
RTE. Trapped orbits fall between these two limiting cases: their RTE 
values are larger than those associated with quasi-periodic motion, 
but smaller than those characteristic of fully chaotic trajectories.

The RTE has been successfully applied to a wide variety of 
dynamical systems. It has been shown to characterize the dynam-
ics of two-dimensional area-preserving maps,47 fractional maps,79 
and both traditional and fractional continuous-time systems.80 In 
particular, it has proven effective in detecting and quantifying stick-
iness effects and trapping events occurring at different hierarchical 
levels of the islands-around-islands structure in two-dimensional, 
area-preserving maps.47,81,82 These studies demonstrate that the RTE 
is especially well-suited for systems in which trajectories exhibit 
intermittent behavior due to repeated trapping near remnants of 
invariant structures. Motivated by these results and by the frag-
mented phase space observed here, we compute the RTE using a 
finite-time (sliding window) approach, which allows us to resolve 
temporal variations in the recurrence statistics as the trajectory wan-
ders among small islands and chaotic channels. We choose as our 
initial conditions the elliptic points for the c = 0 case [Eq. (7)] and 
calculate the RTE in windows of size n = 200 until each trajectory 
escapes to y = ±1. The choice of n = 200 follows the standard finite-
time recurrence analysis procedure discussed in Refs. 47, 81, and 82, 
representing a compromise between temporal resolution and statis-
tical reliability. Smaller windows lead to noisier recurrence-time dis-
tributions, while much larger windows suppress the local variations 
associated with intermittent trapping and escape. This procedure 
yields a set of RTE values, from which we construct the corre-
sponding probability distributions, shown in Figs. 7(a) and 7(d). 

The distributions are broad and strongly asymmetric, reflecting the 
fragmented phase space. Rather than remaining in a single dynami-
cal regime, the trajectories alternate between long trapping episodes 
near small stability islands (weakly chaotic regime) and more irregu-
lar motion in chaotic regions (stronger chaotic regime). Transitions 
between these regimes occur through chaotic channels, which are 
clearly visible in Fig. 6.

Figures 7(b) and 7(e) display the phase space positions of the 
trajectory at the beginning of each 200 iteration window, with each 
point colored according to its corresponding RTE value. Low RTE 
values are concentrated near the centers of the islands and around 
larger stability regions, while higher RTE values are associated with 
chaotic channels and with chaotic layers separating chains of islands. 
This spatial organization shows that the RTE variations are directly 
linked to the local structures of the fragmented phase space, rather 
than arising from finite-time estimation effects. The magnifications 
around the island centers in Figs. 7(c) and 7(f) further demonstrate 
that the RTE varies on very fine spatial scales. Even in the immedi-
ate vicinity of the elliptic points, the RTE is not uniform, indicating 
the presence of internal substructures and partial transport barriers 
associated with higher-order resonances. This behavior is consistent 
with the fragmented phase space observed in the magnifications and 
confirms the highly heterogeneous nature of the dynamics inside 
the islands, with alternating regions of stronger and weaker chaotic 
behavior.

V. GEOMETRICAL ORIGIN OF THE FRAGMENTATION
The results presented in Secs. II–IV show that the destruction 

of regular islands in the ESNM does not occur uniformly throughout 
phase space: different island chains may exhibit qualitatively distinct 
behaviors under the same perturbation. This raises the question of 
which geometrical property determines whether a given island chain 
fragments.

To address this question, Fig. 8 shows the phase space of the 
ESNM for parameter values (a = 0.71, b = 0.494, and c = 0.005) in 
which one of the island chains intersects the discontinuity line at 
x = 0, 1, while another chain remains away from it. The left column 
displays the phase space around the two chains of period-3 islands, 
while the middle and right columns show successive magnifications 
of the regions enclosed by the red and blue rectangles, respectively.

For m = 0 [Figs. 8(a)–8(c)], the map is continuous on the cylin-
der and both island chains exhibit the usual structure of smooth 
invariant curves surrounding elliptic periodic points. For noninteger 
values of m [Figs. 8(d)–8(o)], however, the two island chains behave 
very differently. The island chain shown in the middle column 
remains qualitatively similar to the continuous case, with regular 
trajectories organized around smooth invariant curves. In contrast, 
the island chain shown in the right column develops the fragmented 
web-like structure discussed in Secs. II–IV.

The crucial difference between the two cases is their position 
relative to the discontinuity line. The fragmented island chain pos-
sesses one island centered at x = 0, 1, whereas the non-fragmented 
chain remains entirely away from the discontinuity. Since the map 
is defined modulo 1, the points x = 0 and x = 1 correspond to the 
same location on the cylinder, forming a discontinuity line for non-
integer values of m. Island chains intersecting this line are, therefore, 
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FIG. 7. (a) and (d) Finite-time RTE distribution with window length n= 200 for an orbit initialized at the elliptic point of the central islands at c= 0 (see Fig. 5), iterated until 
the trajectory escapes to y = ±1 (see Fig. 5 for a time reference), with a= b= 0.53, c= 10−4, and m= 0.8. (b) and (e) Phase-space locations of the initial condition for 
each consecutive window of 200 iterations, colored according to the corresponding RTE(200) value. (c) and (f) Magnifications around the centers of the islands. The top 
(bottom) row corresponds to the upper (lower) central island.

repeatedly cut by the discontinuity introduced by the noninteger 
perturbation, which prevents the formation of globally enclosing 
invariant curves and gives rise to the fragmented phase-space struc-
ture observed throughout this work.

These results indicate that fragmentation is not a generic con-
sequence of noninteger values of m alone. Instead, the phenomenon 
depends on the geometrical interaction between the island chain and 
the discontinuity line. Island chains that do not intersect the dis-
continuity may remain qualitatively similar to those of continuous 
area-preserving maps, while chains centered on the discontinu-
ity line exhibit fragmentation and chaotic transport channels at 
arbitrarily fine scales.

To further assess the generality of this mechanism, additional 
phase space plots for different parameter values and distinct area-
preserving maps are presented in the supplementary material. We 
consider the extended standard map48,83,84 and the extended Harper 
map85 with the same type of discontinuity introduced by nonin-
teger values of m. In all cases, fragmented structures are observed 
only for island chains intersecting the discontinuity line at x = 0, 1, 
while island chains located away from this line retain the usual orga-
nization around smooth invariant curves. These additional exam-
ples indicate that the fragmentation mechanism reported here is 
not restricted to the ESNM or to nontwist dynamics, but rather 

constitutes a general geometrical consequence of the interaction 
between periodic island chains and discontinuity lines in two-
dimensional area-preserving maps.

VI. THE ESNM ON A LARGER CYLINDER
The discontinuity discussed in Secs. II–V originates from the 

term involving the noninteger parameter m, which breaks the
1-periodicity of the map in the angular variable x. When m is ratio-
nal, m = p/q with p and q coprime integers, it is possible to define 
an alternative formulation in which the map is continuous on the 
cylinder by enlarging the angular domain. In this case, the map is 
defined on a larger cylinder, with x ∈ [0, q) taken modulo q, rather 
than modulo 1.

With this motivation, we introduce the extended standard non-
twist map defined on the cylinder Tq × R, where Tq = R/(qZ). The 
map is given by

yn+1 = yn − b sin(2πxn) − c sin

(︃
2πpxn

q

)︃
,

xn+1 = xn + a
(︁
1 − y2

n+1

)︁
(mod q).

(9)
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FIG. 8. Phase space of the extended standard nontwist map [Eq. (4)] for a= 0.71, b= 0.494, c= 0.005 and (a)–(c) m= 0, (d)–(f) m= 0.2, (g)–(i) m = (
√

(5) − 1)/2, 
(j)–(l) m= 2.6, and (m)–(o) m= 3.8. The middle column corresponds to magnifications of the region inside the red rectangle shown in the left column, while the right column 
corresponds to magnifications of the region inside the blue rectangle shown in the left column.

In this formulation, the second perturbation is periodic on the inter-
val [0, q), and the induced map on Tq × R is continuous for rational 
values of m = p/q. However, this enlarged cylinder formulation does 
not preserve the dynamics of the original map defined modulo 
1. Instead, it defines a distinct dynamical system, with different 
global topology and different invariant structures, even though both 
systems share the same local functional form.

The purpose of introducing the ESNM on the larger cylinder is, 
therefore, not to recover the original dynamics, but to provide a con-
tinuous nontwist reference system for rational m. This allows us to 
isolate the effects introduced specifically by the discontinuity in the 
original formulation by comparing its dynamics with those of a con-
tinuous system defined by the same parameters on an enlarged phase 
space. Figure 9 shows the phase space of the extended standard non-
twist map defined on the larger cylinder [Eq. (9)] for several rational 
values of m = p/q. In contrast with the formulation that is discon-
tinuous on the cylinder discussed in Secs. II–V, the phase space now 

exhibits well-organized island chains with smooth boundaries and 
regular internal structure. The islands appear as elongated, coherent 
objects that repeat periodically along the extended angular direction, 
reflecting the enlarged domain x mod q.

Most importantly, the unusual fragmentation observed in the 
discontinuous case is no longer present. The successive magnifi-
cations of the islands show that the trajectories organize around 
smooth invariant curves, and the internal structure does not display 
the web-like pattern or the dense proliferation of gaps that char-
acterized the fragmented phase space. Instead, the islands exhibit 
the conventional islands-around-islands hierarchy typical of con-
tinuous area-preserving maps. The different panels illustrate that, 
although the number and arrangement of island chains depend on 
the rational value of m, their qualitative structure remains regular 
across all cases shown. Increasing the denominator q leads to a repli-
cation of island chains along the angular direction, but does not 
induce internal fragmentation. This behavior is consistent with the 
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FIG. 9. Phase space and successive magnifications inside the stability islands of the extended standard nontwist map defined on a larger cylinder [Eq. (9)] for a= b= 0.53, 
c= 0.005, and m= p/q, where p and q are integer numbers: (a)–(g) m= 1/2, (h)–(n) m= 4/5, and (o)–(u) m= 5/3.

restoration of continuity on the cylinder and indicates that the frag-
mentation observed previously is not an intrinsic feature of nontwist 
dynamics alone.

These observations support the interpretation that the hierar-
chical fragmentation of islands reported in the original formulation 
arises from the interaction between the discontinuity line and island 
chains centered on it, rather than from the nontwist character of the 
map itself. When the same functional form is embedded in a con-
tinuous dynamical system on a larger cylinder, the regular islands 
persist as coherent structures, and the phase space resembles that of 
conventional continuous, two-dimensional, area-preserving maps.

VII. CONCLUSIONS
In this paper, we have investigated the dynamical conse-

quences of the discontinuity on the cylinder in the extended 
standard nontwist map (ESNM) induced by noninteger values of 
the parameter m. We have shown that, when the discontinuity 
line intersects a resonant island chain, the surrounding invariant 

structures no longer organize into a sequence of smooth invari-
ant curves. Instead, the phase space develops fragmented structures 
composed of secondary islands, chaotic layers, and narrow transport 
channels distributed across multiple spatial scales. This behavior 
differs qualitatively from the conventional islands-around-islands 
scenario observed in smooth area-preserving maps defined con-
tinuously on the cylinder. Additional examples presented in the 
supplementary material for the standard map and the Harper map 
show that the same qualitative mechanism also appears in other 
discontinuous area-preserving systems. Similar structures have also 
been reported in a tilted mushroom billiard64 and in a two-degrees-
of-freedom Hamiltonian system with two periodic potentials.65 The 
phase space of these systems likewise exhibits web-like structures 
and persistent partial transport barriers for certain parameter values. 
Whether these phenomena share a common underlying mechanism 
remains an open question.

By calculating the escape times, we have shown that many 
trajectories remain trapped for extremely long times, up to 108

iterations, which would normally suggest regular motion. By 
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computing the smaller alignment index (SALI), we have demon-
strated that a large fraction of these nonescaping trajectories are 
in fact chaotic. Stickiness near remnant invariant structures delays 
escape, and SALI, therefore, provides a necessary diagnostic to dis-
tinguish true regular motion from weak chaos in this fragmented 
setting.

We further quantified the destruction of regular motion using 
conservative generalized bifurcation diagrams (CGBDs). These 
revealed a strong asymmetry between the upper and lower period-2 
island chains. We have shown that this asymmetry is a consequence 
of the local nature of the breakup process: although both structures 
correspond to period-2 resonances, they are distinct island chains 
surrounded by different invariant structures, and, therefore, the dis-
continuity affects them differently. We identified cases in which one 
island chain fragments while the other preserves the conventional 
hierarchical organization observed in continuous maps.

By computing the largest Lyapunov exponent (LLE) from ini-
tial conditions placed at the elliptic points of the continuous system 
(c = 0), we directly tested whether a global transport barrier survives 
inside the islands. For c > 0, the LLE exhibits transient algebraic 
decay followed by abrupt growth to a positive value, signaling escape 
from successive trapping regions. This behavior rules out the exis-
tence of a single “last KAM curve” enclosing the islands. Instead, 
the breakup occurs locally through the formation of chaotic chan-
nels connecting different regions of phase space across multiple 
scales. To characterize the strongly intermittent dynamics gener-
ated by this fragmented phase space, we introduced a finite-time 
recurrence-time entropy analysis (RTE). We found broad, asym-
metric distributions reflecting repeated transitions between weakly 
chaotic trapping near island remnants and stronger chaotic motion 
in surrounding layers. Mapping finite-time RTE values onto phase 
space revealed a clear spatial organization: low RTE values cluster 
near larger regular structures, while high RTE values are concen-
trated along chaotic channels and strongly chaotic regions. These 
variations persist even at fine spatial scales, confirming that the 
fragmentation extends deep into the hierarchical structure.

Finally, we introduced a continuous reference system by defin-
ing the ESNM on a larger cylinder for rational values of m = p/q. 
Although this formulation does not preserve the original dynamics, 
it isolates the role of the discontinuity on the cylinder by restoring 
continuity on the enlarged cylinder while keeping the same func-
tional form. In this continuous system, the fragmentation disappears 
entirely and the phase space recovers the conventional organization 
of smooth area-preserving maps, with regular island chains bounded 
by smooth invariant curves. This comparison demonstrates that the 
observed fragmentation is a direct consequence of the discontinuity 
on the cylinder.

The simulations presented in this paper were performed using 
the pynamicalsys package,86 a Python toolkit for the analysis of 
dynamical systems.

SUPPLEMENTARY MATERIAL
See the supplementary material for additional phase space plots 

of the extended standard nontwist map for different parameter val-
ues, as well as for the extended standard map and the extended 
Harper map.
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