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 A B S T R A C T

We investigate the dynamical properties of a q-deformed generalization of the Gaussian iterated 
map, referred to as the q-Tsallis Gaussian Iterated Map, obtained by replacing the standard 
exponential with the Tsallis q-exponential function. Through bifurcation diagrams, Lyapunov 
exponent analysis, and isoperiodic diagrams, we characterize the transitions between periodic 
and chaotic regimes, as well as the emergence of multistability and bubbling phenomena, 
reveals that the introduction of the nonextensive parameter induces significant changes in the 
system’s dynamics.

1. Introduction

Boltzmann–Gibbs (BG) statistical mechanics is one of the most fundamental frameworks in theoretical physics. Originally 
developed to provide an analytical description of thermodynamical quantities at thermal equilibrium, it has since been applied 
to a wide range of other physical systems [1–3]. The core of this theory is the Boltzmann–Gibbs entropy [4,5], defined as 

𝑆𝐵𝐺 = −𝑘
𝑊
∑

𝑖=1
𝑝𝑖 ln 𝑝𝑖, (1)

where 𝑘 is a positive constant (typically chosen as 𝑘 = 𝑘𝐵 , the Boltzmann constant, or simply 𝑘 = 1 in information theory), 𝑊  is 
the total number of accessible micro-states, and {𝑝𝑖} are the probabilities associated with each state, satisfying 

∑𝑊
𝑖=1 𝑝𝑖 = 1.

Despite its success, BG statistical mechanics does not adequately capture the behavior of many complex systems. These include, 
for example, turbulent flows [6–8], quantum entanglement [9,10], trapped ion subjected to radiofrequency heating [11], cosmic 
rays [12,13], high-energy particle collisions [14–18], financial markets [19–22], biological motion [23–26], and systems exhibiting 
classical [27–33] or quantum [34,35] chaos. In such systems, standard BG entropy often does not provide an accurate or complete 
description, leading to the development of more general approaches.

In response to this limitation, nonextensive statistical mechanics was proposed by Constantino Tsallis  [36–41] as a generalization 
of BG statistical mechanics. Inspired by multifractal systems [42–44], Tsallis introduced a generalized entropy formula, known as 
the Tsallis entropy: 

𝑆𝑞 = 𝑘
1 −

∑𝑊
𝑖=1 𝑝

𝑞
𝑖

𝑞 − 1
, (2)
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where the entropic index 𝑞 characterizes the degree of nonextensivity of the system. In the limit 𝑞 → 1, the Tsallis entropy reduces 
to the classical BG entropy, that is, 𝑆1 = 𝑆𝐵𝐺.

The introduction of the 𝑞-parameter provides a mechanism for deforming existing mathematical structures in order to better 
understand and model complex dynamical behavior. In this context, dynamical systems and maps incorporating the Tsallis formalism 
have attracted increasing attention, particularly for their ability to capture the effects of nonextensive statistical behavior on system 
dynamics. These 𝑞-deformed systems allow us to explore how dynamical properties evolve as the system deviates from the standard 
case, while recovering the original system in the limit 𝑞 → 1. In particular, modifying dynamical maps using the q-exponential or 
related functions allows for a detailed examination of how complexity emerges and changes with varying 𝑞, allows the study of 
phenomena such as bifurcations, chaos, and ergodicity from a nonextensive perspective. Beyond their theoretical importance, these 
deformations might also have practical application. For example, in encryption algorithms, the complexity added by nonextensive 
dynamics may help create more secure protocols [45–48].

In this paper, we examine the dynamics of the Gaussian map when the traditional exponential function is replaced by the 
Tsallis 𝑞-exponential. Our objective is to investigate how varying the level of nonextensivity influences the system’s behavior, and 
to characterize the resulting changes in its dynamical properties. In Section 2, we introduce the q-Tsallis Gaussian iterated map and 
analyze its mathematical properties and behavior . Section 3 presents our results, where we explore bifurcation diagrams, Lyapunov 
exponents, and isoperiodic structures to characterize the influence of the 𝑞-parameter on the system’s transitions between periodic 
and chaotic regimes, as well as the emergence of multistability and bubbling phenomena. Finally, Section 4 summarizes our findings.

2. q-Tsallis Gauss iterated map

More than 40 different entropic functionals have been proposed in the literature [39], reflecting the need to describe systems 
beyond the traditional framework of Boltzmann–Gibbs statistical mechanics. Among these generalizations, the Tsallis entropy has 
emerged as one of the most widely used. The formalism derived from Tsallis entropy is commonly known as nonextensive statistical 
mechanics. The term ‘‘nonextensive’’ refers to the fact that it is particularly suitable for systems with long-range interactions, where 
the total internal energy no longer scales linearly with system size, resulting in a breakdown of extensivity [49].

To express Tsallis entropy [Eq. (2)] in a form analogous to the classical Boltzmann entropy [Eq. (1)], one defines the 𝑞-logarithmic 
function as: 

ln𝑞 𝑧 =

⎧

⎪

⎨

⎪

⎩

𝑧1−𝑞 − 1
1 − 𝑞

if 𝑞 ≠ 1,

ln 𝑧 if 𝑞 = 1,
(3)

for 𝑧 > 0. Using this function, Tsallis entropy [Eq. (2)] can be rewritten as: 

𝑆𝑞 = −𝑘
𝑊
∑

𝑖=1
𝑝𝑞𝑖 ln𝑞 𝑝𝑖, (4)

where 𝑘 is a positive constant, 𝑝𝑖 represents the probability of the 𝑖th microstate, 𝑊  is the number of accessible microstates, and 𝑞
is the entropic index characterizing the degree of nonextensivity.

The inverse of the 𝑞-logarithm is the 𝑞-exponential function, defined as: 

exp𝑞(𝑧) =

{

[1 + (1 − 𝑞)𝑧]1∕(1−𝑞)+ , if 𝑞 ≠ 1
exp(𝑧), if 𝑞 = 1

(5)

where [⋅]+ = max(⋅, 0), ensures the function remains real-valued. This formalism leads naturally to the definition of the q-Gaussian 
function: 

exp𝑞(−𝛼𝑧2) =

{

[

1 − (1 − 𝑞)𝛼𝑧2
]1∕(1−𝑞)
+ , if 𝑞 ≠ 1

exp(−𝛼𝑧2), if 𝑞 = 1
(6)

where 𝛼 > 0 is a scaling parameter. The q-Gaussian reduces to the standard Gaussian distribution in the limit 𝑞 → 1.
A well-known dynamical system based on the Gaussian function is the Gaussian iterated map (also known as the Gaussian or 

mouse map) [50–53], defined as: 
𝑥𝑛+1 = exp(−𝑎𝑥2𝑛) + 𝑏, (7)

where 𝑥𝑛 is the dynamical variable at iteration 𝑛, 𝑎 > 0 and 𝑏 ∈ R are control parameters. This map has been used for applications 
such as pseudo-random number generation and image processing [54,55].

In this work, we introduce a generalization of the Gaussian map by replacing the standard exponential function with the q-
exponential function from Tsallis statistics. We refer to this model as the q-Tsallis Gaussian Iterated Map, which is defined by: 

𝑥𝑛+1 = exp𝑞(−𝛼𝑥2𝑛) + 𝛽, (8)

where 𝛼 > 0, 𝛽 ∈ R, and 𝑞 ∈ R are parameters controlling the map dynamics. It is important to note that the q-exponential 
function is employed here purely as a nonlinear functional form defining a deterministic iterated map, and none of the parameters 
2 
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Fig. 1. Plots of the 𝑞-Tsallis Gaussian iterated function, 𝐹 (𝑥) = exp𝑞(−𝛼𝑥2𝑛) + 𝛽, for three values of the entropic index: 𝑞 = 1 (left column), 𝑞 = 2
(middle column), and 𝑞 = 3 (right column). (a)–(c) illustrate the function for 𝛼 = 1, 7.5, and 15, respectively, with 𝛽 fixed at 0.5. In contrast, in 
panels (d)–(f), 𝛼 is fixed at 7.5, and the function is shown for 𝛽 = −1, −0.7, and 0, respectively. The black dashed line represents the identity 
𝐹 (𝑥) = 𝑥; its intersections with the function correspond to the fixed points of the system.

introduced in Eq. (8) are assigned a probabilistic or thermodynamic interpretation. In the limit 𝑞 → 1, this map reduces to the 
classical Gaussian map [Eq. (7)], making it a natural extension within the nonextensive framework. In the context of the iterated 
Gauss map, we restrict the domain of the nonextensive parameter to 𝑞 > 1 to ensure that the q-exponential function remains 
well-defined and avoids divergence in the calculation of the Lyapunov exponent. A comprehensive justification for this choice is 
provided in Appendix.

Fig.  1 presents the 𝑞-Tsallis Gaussian iterated function for various parameter sets (𝛼, 𝛽) and for selected values of the entropic 
index 𝑞 = 1, 2, 3, corresponding to the left, center, and right columns, respectively. A clear transition in the behavior of the map is 
observed as 𝑞 varies. For 𝑞 = 1 (Figs.  1(b) and 1(e)), the standard Gaussian form is recovered. In contrast, for 𝑞 = 2 (Figs.  1(c) and 
1(f)), the function displays heavy tails, with a slower decay compared to the standard Gaussian. For 𝑞 = 3, as seen in Figs.  1(d) and 
1(g), the function continues to exhibit even heavier tails, further deviating from the classical Gaussian form.

To better illustrate the role of the parameters in shaping the function, Figs.  1(a)–1(c) show the map with fixed 𝛽 = 0.5 and varying 
𝛼. The function is symmetric about 𝑥 = 0 and achieves its maximum value, 𝛽+1, at this point. As |𝑥| → ∞, the function asymptotically 
approaches the minimum value 𝛽. The parameter 𝛼 controls the width of the function; increasing 𝛼 leads to a narrower and more 
sharply peaked function. Figs.  1(d)–(f) illustrate the influence of 𝛽, keeping 𝛼 = 7.5 fixed. As 𝛽 increases, the function shifts upward, 
changing the maximum and minimum values without affecting the shape or width. This vertical displacement reveals an important 
feature: for sufficiently negative values of 𝛽, the function intersects the identity line 𝐹 (𝑥) = 𝑥 (shown in dashed black) at three 
points, indicating the presence of three fixed points. Therefore, the parameter 𝛽 controls the number of fixed points as well as their 
stability.

In the next section, we will present the results of this work, including a study for which values of the parameter there are three 
fixed points and show how some dynamical properties are changed as we vary the degree of nonextensitivy of the system.

3. Results

In this section, we present the results of our analysis, examining how the dynamical properties of the system are influenced by 
the variation of the nonextensivity parameter 𝑞.

To show some of the behavior of the iterates of the Gaussian map, we plot in Fig.  2, some bifurcation diagrams for the values of 
the entropic index: 𝑞 = 1 (left column), 𝑞 = 2 (middle column), and 𝑞 = 3 (right column). To compute these bifurcation diagrams, 
we iterated the 𝑞-Tsallis Gaussian map over a dense range of 𝛽 values, for fixed values of 𝛼 and 𝑞, and recorded the asymptotic 
behavior of the system after discarding transient dynamics. Specifically, in Fig.  2 for each 𝛽 ∈ [−1, 1], we performed 3000 iterations 
starting from two initial condition, 𝑥0 = 0 for black and 𝑥0 = 10 for red, discarded the first 2000 iterations to eliminate transients, 
and plotted the remaining values of the orbit as a function of 𝛽 to reveal the bifurcation structure.

To better understand the system’s dynamics, the analysis is conducted for two cases: 𝛼 = 4.9 (top row) and 𝛼 = 7.5 (bottom row) in 
Fig.  2. In the standard case, with 𝑞 = 1, the bifurcation diagram exhibits the well-known period-doubling route to chaos: transitioning 
from period-one to period-two, then to period-four, and continuing through successive bifurcations that lead to chaos. However, 
instead of remaining in the chaotic behavior, the system reverses via a period-halving route, eventually returning to period-one. 
This behavior is observed for other values of 𝑞 as well, where the sequence again reverses via a period-halving route, ultimately 
returning to period-one. This reversal, a less common route in discrete dynamical systems, can be described as period-bubbling.
3 
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Fig. 2. Bifurcation diagrams as a function of 𝛽, for two values of 𝛼: 𝛼 = 4.9 (top row) and 𝛼 = 7.5 (bottom row), with orbits generated from 
initial conditions (plotted in black) and 𝑥0 = 10 (plotted in red). The diagrams are shown for nonextensivity parameters 𝑞 = 1 (left column), 𝑞 = 2
(middle column), and 𝑞 = 3 (right column).

Bier and Bountis [56] demonstrated that in nonlinear maps with multiple varying parameters, the typical period-doubling route 
to chaos may be interrupted by a period-halving transition. This dynamic leads to the formation of closed-loop structures in the 
bifurcation diagram (resembling bubbles) a phenomenon known as bubbling. Bubbling stabilizes the system temporarily around a 
periodic or equilibrium point; however, structural deformations in these regions can amplify fluctuations, leading to transient chaotic 
oscillations within the bubble. The occurrence and nature of bubbling depend exclusively on the system parameters. Bubbles are 
typically classified into three types based on their dynamical characteristics: (i) primary, (ii) secondary, and (iii) chaotic. These 
structures have been observed in several biological and dynamical systems [57–60].

As shown in Fig.  2, the bubbling phenomenon is evident. Specifically, Figs.  2(b),(c) and (f) show primary bubbling, while Fig.  2(e) 
illustrates secondary bubbling. Figs.  2(a) and (d) depict chaotic bubbling. As the parameter 𝑞 increases, the system tends toward 
a more homogeneous dynamic, and a transformation in the bubble structure occurs, with a transition between different bubble 
types: from chaotic bubbling to secondary bubbling, and finally to primary periodic structures. These observations show that the 
nonextensive parameter 𝑞 can suppress the bubbling phenomenon and may therefore act as an effective control mechanism for the 
system’s dynamics . Similar results have been found using a different but similar modification in the Gaussian map [61].

It is also possible to explore how the bifurcation diagram evolves as a function of the nonextensivity parameter 𝑞. Figs.  3(a)–(c) 
present bifurcation diagrams of the iterated 𝑞-Tsallis Gaussian map over the interval 𝑞 ∈ [1, 3], for fixed values of 𝛼 = 20 and 
𝛽 = −0.6,−0.4, and −0.3, respectively. A total of 3000 iterations were performed, where the first 2000 iterations were discarded 
to remove transient effects, and the remaining iterations were used to construct the bifurcation plots. To further characterize this 
transition, the Lyapunov exponent is computed as a diagnostic tool to identify regions of chaos and periodicity.

The Lyapunov exponent provides a quantitative measure of the average exponential rate at which nearby trajectories in the 
system diverge or converge. It allows for a qualitative classification of the system’s dynamics: a positive Lyapunov exponent indicates 
sensitive dependence on initial conditions and, consequently, chaotic behavior; a negative value corresponds to periodic or stable 
dynamics; and a zero Lyapunov exponent may signal marginal stability or quasiperiodicity [62]. In standard one-dimensional 
systems, the Lyapunov exponent is typically computed using the first derivative of the map. Accordingly, the Lyapunov exponent 𝜆
is given by [63]: 

𝜆 = lim
𝑇→∞

1
𝑇

𝑇−1
∑

𝑛=0
ln |𝑀 ′(𝑥)|, (9)

where 𝑀 ′(𝑥) denotes the derivative of the map with respect to 𝑥.
In our case, the map is a q-Tsallis Gauss Iterated Map, defined by the replacement of the exponential function with the 

q-exponential. Accordingly, the derivative of the map is given by: 

𝑀 ′(𝑥) = −2𝛼𝑥[exp𝑞(−𝛼𝑥2𝑛)]
𝑞 . (10)

Figs.  3(d)–(f) show the Lyapunov exponents corresponding to each initial condition of the bifurcation diagrams in Figs.  2(a)–(c), 
respectively. As in the previous analysis, 3000 iterations were performed with the first 2000 discarded as transients, using 𝑥0 = 0
(black) and 𝑥0 = 10 (red). The dynamical regime is characterized by the sign of the Lyapunov exponent: negative values indicate 
periodic behavior, while positive values denote chaos.
4 
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Fig. 3. Bifurcation diagrams (top row) and corresponding Lyapunov exponents (bottom row) as a function of the nonextensivity parameter 𝑞, 
for 𝛼 = 20 and 𝛽 = −0.6 (left column), 𝛽 = −0.4 (middle column), and 𝛽 = −0.3 (right column).

In Section 2, it was shown that for sufficiently negative values of 𝛽, the 𝑞-Tsallis Iterated Map exhibits three fixed points. The 
number and stability of these fixed points, however, vary with 𝛽. Fig.  4 presents the bifurcation diagram (black points) as a function 
of 𝛽, obtained from 100 different initial conditions, together with the fixed points (blue, red, and green curves) for different values 
of 𝑞. For example, when 𝑞 = 1 and 𝛽 = −1.0, there are three fixed points: two stable (blue and green) and one unstable (red). As 𝛽
increases, the fixed point shown in green loses stability through a period-doubling bifurcation. With further increases in 𝛽, successive 
period-doubling bifurcations occur, eventually giving rise to chaotic dynamics. Around 𝛽 ≈ −0.9, a chaotic attractor coexists with 
three fixed points: one stable (blue) and two unstable (red and green). As 𝛽 continues to increase, the chaotic attractor expands and 
eventually collides with the red unstable fixed point, leading to its destruction in a boundary crisis [64,65]. After the destruction 
of the chaotic attractor, only two unstable and one stable fixed point remain. For even larger values of 𝛽, the blue (stable) and red 
(unstable) fixed points approach each other and eventually annihilate in a saddle–node bifurcation.

The dynamics of the fixed points do not qualitatively change with the parameter 𝑞. As 𝑞 increases, the saddle–node bifurcation 
still occurs but for smaller values of 𝛽. However, the occurrence of the boundary crisis does depend on 𝑞. For sufficiently large 𝑞, 
the chaotic attractor no longer collides with the unstable fixed point and therefore never disappears [Figs.  4(e) and 4(f)].

To further explore the relationship between the coexistence of attractors and the existence of multiple fixed points, Fig.  5 presents 
the parametric region in which the 𝑞-Tsallis Iterated Map possesses three fixed points. The fixed points of the 𝑞-generalized Gauss 
map were identified by numerically solving the fixed point equation: 

𝑥 = exp𝑞(−𝛼𝑥2) + 𝛽, (11)

which correspond to the intersections between the identity line 𝑦 = 𝑥 and the 𝑞-Tsallis iterated Gauss map. The procedure used 
to find the root of Eq. (11) was the bisection method. Specifically, the roots of the equation were found by evaluating the residual 
function 

𝑓 (𝑥) = 𝑥 − exp𝑞(−𝛼𝑥2) − 𝛽, (12)

over the interval [−2, 2], divided into 103 subintervals. For each pair of adjacent points, a sign change in 𝑓 (𝑥) was interpreted as 
an indication of a root in the subinterval. Subsequently, the bisection method was applied to refine the location of the root, using 
a tolerance of 10−8. To avoid numerical duplication, each detected root was compared with previously identified roots, and only 
those differing by more than the tolerance were retained. The analysis was conducted for different values of the nonextensivity 
parameter: 𝑞 = 1 [Fig.  5(a)], 𝑞 = 2 [Fig.  5(b)], and 𝑞 = 3 [Fig.  5(c)]. It can be observed that as 𝑞 increases, the region in which the 
map has three fixed points becomes smaller.

To investigate the relationship between this region and the coexistence of attractors, the presence of multistability in the 𝑞-Tsallis 
Iterated Gauss map was examined in Fig.  5(d)–(f). The analysis was performed by iterating the map from a collection of distinct 
initial conditions and comparing the resulting asymptotic behaviors. For a given set of parameters (𝛼, 𝛽, 𝑞), the map was iterated 
1.1×104 times from multiple initial conditions 𝑥0 ∈ [−10, 10]. As the focus is on the long-term dynamics, a transient of 103 iterations 
was discarded. To determine whether an orbit settled into a periodic attractor, the current state was compared to previously visited 
states after the transient. If a state repeated within a numerical tolerance 10−8, the trajectory was classified as periodic. Otherwise, 
the orbit was considered aperiodic or chaotic. The coexistence of attractors was identified by comparing the asymptotic behaviors 
obtained from different initial conditions, using the same numerical tolerance of 10−8 as the proximity criterion. The analysis, similar 
5 
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Fig. 4. Bifurcation diagram (black points) together with the fixed points (blue, red, and green curves) as a function of 𝛽 for 𝛼 = 20.0 with 
different values of 𝑞. The bifurcation diagram was generated using 100 initial conditions uniformly distributed within the interval 𝑥 ∈ [−1, 1]. 
The collision between the unstable fixed point (red curve) and the chaotic attractor is evident in panels (a)–(d).

to Fig.  5(a)–(c) was conducted for different values of the nonextensivity parameter: 𝑞 = 1 (Fig.  5(d)), 𝑞 = 2 [Fig.  5(e)], and 𝑞 = 3
(Fig.  5(f)).

It is interesting to note that the region of the parameter space in Fig.  5(c)–(d), where co-existing attractors exist, is a subset of 
the region shown in Fig.  5(a)–(c), which confirms our earlier conclusion that the emergence of co-existing attractors at a particular 
set of parameters can be understood as a consequence of presence of three fixed points. However, the converse is not always true as 
it is clear from Fig.  5 that there is a part of parameter space, where three fixed points exist but co-existing attractors are not present. 
In Fig.  5(a)–(c), we have identified different regions of parameter space (𝛼, 𝛽) where the dynamics of q-Gaussian map is chaotic or 
regular (purple shades correspond to chaotic, otherwise correspond to periodic attractors) for different values of the nonextensivity 
parameter 𝑞. These regions corresponding to values of Lyapunov exponent greater than 0, which was computed considering the 
same time of interaction and transient used to generate the region of multistability. The points where the color purple and black 
coexist there are the region regular and chaotic motions co-exist along with the region of co-existing attractors.

Analyzing only regions where the Lyapunov exponent is positive offers a limited perspective of the system’s dynamics, as it 
overlooks the presence of periodic windows that occur in regions with negative Lyapunov exponents. In the parameter space shown 
in Fig.  6(a)–(c), we observe a complex interplay between chaotic (orange to white) and regular (blue to black) regimes for different 
values of the nonextensivity parameter 𝑞. As one or both control parameters are varied, transitions between chaotic and periodic 
behavior are observed, with regions of chaos giving way to periodic dynamics and vice versa, leading to the formation of narrow 
periodic windows embedded within the chaotic domain.

To better characterize the structure of these periodic orbits and the transitions between them, Fig.  7(a)–(c) presents isoperiodic 
diagrams for various values of 𝑞. These diagrams were generated by setting the initial condition 𝑥0 = 0 and computing the period 
of orbits on a grid in the (𝛼, 𝛽) parameter-space. The period is defined as the number of iterations required for the orbit to revisit a 
previous value in its time series, after discarding a transient of 5×104 iterations. If no periodicity is detected within 6×104 iterations, 
the orbit is classified as chaotic and represented in white. Different colors are associated with different periods of the trajectories 
and values besides the numeric legend (i.e. bigger than 15) are in gray color. The diagrams reveal that stable (periodic) behavior 
occupies a significant portion of the parameter space. Periodic regions coexist with period-doubling cascades—for example, period-3 
and period-6 regions are found adjacent to each other, as are period-6 and period-12 regions.

Fig.  7(d)–(f) provide magnifications of regions where chaotic and periodic behaviors coexist. For 𝑞 = 1, the chaotic domain 
shrinks and periodic regions become more prominent. In contrast, as 𝑞 increases (e.g., 𝑞 = 2 and 𝑞 = 3), this behavior is reversed: the 
chaotic regions grow more prominent while periodic windows narrow. This illustrates how the degree of nonextensivity significantly 
influences the balance between order and chaos in the system.
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Fig. 5. Parameter space (𝛼, 𝛽) showing the regions in black where the Gaussian map possesses three fixed points (top row), and the regions where 
it exhibits co-existing attractors and chaotic motion, indicated by black and purple colors, respectively (bottom row). The diagrams correspond 
to nonextensivity parameters 𝑞 = 1 (left column), 𝑞 = 2 (middle column), and 𝑞 = 3 (right column).

Fig. 6.  The Lyapunov exponent 𝜆 in parameter space 𝛼×𝛽 with (a) 𝑞 = 1, (b) 𝑞 = 2, and (c) 𝑞 = 3. The colors from blue to black (pink to white) 
correspond to periodic (chaotic) dynamics, whereas the purple color (vanishing 𝜆) marks the bifurcation points.

4. Conclusion

We have proposed the q-Tsallis Gaussian iterated map, a generalization of the classical Gaussian map using Tsallis statistics, that 
incorporates the nonextensive parameter 𝑞 through the 𝑞-exponential function. Our investigation demonstrated how the degree of 
nonextensivity significantly influences the system’s dynamical behavior, including the number of fixed points, the emergence and 
structure of bifurcations, the presence of coexisting attractors, and the transition between periodic and chaotic regimes.

We have demonstrated via bifurcation diagrams as a function of 𝛽 that the system undergoes period-doubling routes to chaos, 
interrupted by period-halving reversals, arising the phenomenon termed ‘‘bubbling’’. The nonextensive parameter 𝑞 can suppress 
this bubbling, acting as an effective control mechanism. By analyzing bifurcation diagrams and Lyapunov exponents as 𝑞 varies, we 
have shown that the system initially exhibits chaotic dynamics, which are subsequently followed by a period-halving route.
7 
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Fig. 7. The isoperiodic diagram in parameter space 𝛼 × 𝛽 with (a) 𝑞 = 1, (b) 𝑞 = 2, and (c) 𝑞 = 3. The colored regions correspond to different 
periods within the periodic domains, while white region indicates to chaotic dynamics. (d), (e) and (f) are magnifications of the regions bounded 
by the white dashed rectangles in (a), (b) and (c), respectively.

For certain parameter ranges, the map exhibits three fixed points. These fixed points often coexist with a chaotic attractor, 
leading to the presence of multiple coexisting attractors. This coexistence persists until the chaotic attractor expands and collides 
with an unstable fixed point, resulting in its destruction in a boundary crisis. The parameter 𝑞 plays a key role in anticipating 
or delaying this boundary crisis, effectively acting as a control mechanism. Additionally, the parametric analysis highlighted how 
regions of multistability and chaos evolve with changes in 𝑞, where the regions of multistability shrink and chaotic region becomes 
more dense as 𝑞 increases.

Lyapunov exponent calculations confirm the presence of chaotic and periodic windows for several values of 𝑞. Isoperiodic dia-
grams further reveal intricate structures of periodic domains embedded within chaotic regions, underlining the role of nonextensivity 
in shaping the global dynamics of the system.

Finally, it is instructive to distinguish between topological and metrical modifications induced by the nonextensive parameter 𝑞
when compared to the standard Gaussian map (𝑞 = 1). From a topological perspective, the global organization of the dynamics is 
preserved: the system continues to exhibit fixed points, period-doubling cascades, bubbling phenomena, multistability, and boundary 
crises, indicating that the qualitative structure of the phase space remains unchanged. In contrast, the introduction of 𝑞 produces 
significant metrical effects, including shifts in bifurcation thresholds, deformation of stability boundaries, changes in the extent of 
multistable regions, suppression or enhancement of bubbling structures, and variations in the size and density of chaotic and periodic 
domains. Thus, the 𝑞-deformation acts primarily as a quantitative modulator of the dynamics rather than inducing a qualitative 
topological reorganization.
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Appendix. Justification for the choice 𝒒 > 𝟏

In this appendix, we provide a detailed explanation for the choice of the domain 𝑞 > 1 in the generalization of the iterated Gauss 
map using the 𝑞-Tsallis exponential function. The 𝑞-exponential is defined as: 

exp𝑞(𝑧) =

{

[1 + (1 − 𝑞)𝑧]1∕(1−𝑞)+ , if 𝑞 ≠ 1
exp(𝑧), if 𝑞 = 1

(A.1)

where [⋅]+ = max(⋅, 0), ensuring that the function remains real-valued. The standard exponential function is recovered in the limit 
𝑞 → 1. This expression is positive only when the base 1 + (1 − 𝑞)𝑧 is non-negative.

In the context of the iterated Gauss map, we frequently use exp𝑞(−𝛼𝑥2), where 𝑥 ∈ R and 𝛼 > 0. Since −𝛼𝑥2 ≤ 0 for all real 𝑥, 
we examine the conditions under which the function remains positive.

For 𝑞 < 1, the term (1 − 𝑞) becomes positive, and the base 1 + (1 − 𝑞)(−𝛼𝑥2) remains non-negative only if: 

𝑥2 < 1
(1 − 𝑞)𝛼

. (A.2)

Thus, for values of |𝑥| ≥ 1
√

(1−𝑞)𝛼
, the base becomes negative, which would cause the function to assume a zero value. This is 

problematic for our calculations, particularly when computing the Lyapunov exponent, as we take the logarithm of the derivative. 
The logarithmic function ln | − 2𝛼𝑥[exp𝑞(−𝛼𝑥2)]𝑞| becomes undefined when the argument inside the logarithm is zero. Therefore, if 
exp𝑞(−𝛼𝑥2) = 0, the logarithm diverges, leading to a non-physical, infinite result.

In contrast, for 𝑞 > 1, the term (1 − 𝑞) is negative, and the base 1 + (1 − 𝑞)(−𝛼𝑥2) remains positive for all real 𝑥, ensuring the 
function stays well-defined and non-zero across the entire real line.

Thus, to avoid undefined behavior in the calculation of the Lyapunov exponent and ensure the function remains well-defined 
for all 𝑥 ∈ R, we restrict the domain of the nonextensive parameter to 𝑞 > 1.

Data availability

The source code to reproduce the results of this paper is available at Zenodo: https://doi.org/10.5281/zenodo.17593788.
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