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ARTICLE INFO ABSTRACT

Keywords: We investigate the emergence of spatio-temporal patterns in a one-dimensional symplectic
Spatiotemporal chaos coupled map lattice (CML) composed of periodically kicked rotors with nonlocal interactions.
Couplfd map lattice The system retains the Hamiltonian structure, preserving the phase space volume. The system
Symplectic

exhibits cluster states driven by the stickiness effect, where chaotic trajectories wanders around
regular structures. By changing the coupling strength and interaction range, we demonstrate the
formation of mosaic-like and zigzag patterns associated with transient or persistent clustering.
These patterns are analysed using the Kuramoto order parameter, Lyapunov spectrum, and
spatial correlation integrals. Our results reveal that pattern formation correlates with suppressed
local chaos and small values of Lyapunov exponent, indicating weak chaotic dynamics. The
correlation analysis confirms the presence of coherent structures at small scales, which disappear
in the strongly chaotic regime. These findings demonstrate how stickiness can induce clustering,
given rise to complex collective behaviour in Hamiltonian systems with nonlocal couplings.

Pattern formation

1. Introduction

Understanding the emergence of complex spatiotemporal structures in nonlinear systems is a central topic in the study of
dynamical systems [1]. One special class is Hamiltonian systems characterized by the symplectic structure of the phase space, they
play a fundamental role in modelling conservative physical processes, from celestial mechanics [2,3] to plasma dynamics [4-6].
In the analysis of Hamiltonian systems, the Standard Map is one of the most prominent and paradigmatic systems in nonlinear
dynamics, also known as the Chirikov-Taylor map [7,8]. This map describes a kicked rotor with area-preserving dynamics where
the phase space is neither entirely regular nor entirely chaotic [9]. The chaotic orbits remain bounded by quasiperiodic curves,
which are then limited inside specific domains in phase space [10]. However, even so, the dynamics are far from being obvious,
possessing dynamical traps [11] and anomalous diffusion [12]. They arise from subtle, long-term interactions between chaotic
and regular regions in phase space that cannot be easily predicted from the systems equations. The earlier cases are described by
two-dimensional area-preserving maps, where the islands and the chaotic sea are distinct, disconnected domains.
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A crucial question is understanding how trajectories might behave in higher dimensions and whether dynamical traps exist [13].
One way to explore this is through network dynamical systems, like coupled map lattices (CMLs) [14]. They provide a powerful
framework to study high-dimensional, discrete-time systems with spatial structure. When constructed with symplectic properties,
CMLs preserve key features of Hamiltonian dynamics while allowing exploration of phenomena such as chaotic diffusion [15], and
dynamical clustering [16,17]. In dissipative coupled map lattice or networks full synchronization is possible and often expected. The
network has the ability to exhibit new features such as chaotic synchronization [18], suppression [19,20], pattern formation [21],
multistability [22], and chimera states [23,24]. In Hamiltonian systems, the preservation of phase space volume prevents orbits
from collapsing onto an invariant manifold. Synchronization in such systems can be understood as measure synchronization [25],
where the trajectories of individual elements explore the same region of phase space similar to the clustering effect [16].

The clustering effect in symplectic CMLs typically manifests as transient [17], where a group of sites shares similar dynamical
trajectories. This is a direct consequence of the stickiness effect, that is, the tendency of chaotic trajectories to remain near remnants
of regular structures in phase space, in a hierarchical structure of islands around islands [26,27], for finite times. The stickiness effect
can happen in different sites at the same time, leading to a cluster [28]. Moreover, the stickiness leads to a confined local chaos,
with a multimodal distribution of finite-time Lyapunov exponents [29,30].

In this work, we investigate pattern formation in a one-dimensional symplectic coupled map lattice composed of periodically
kicked rotors with nonlocal coupling. By varying the coupling strength and range, we analyse how nonlocal interactions and
nonlinear dynamics give rise to distinct spatiotemporal structures, in symplectic systems. We employ dynamical indicators such
as the Kuramoto order parameter to quantify the clustering effect, the Lyapunov spectrum, and the spatial correlation integral to
characterize the system’s behaviour. The key contributions of our study are: the emergence of spatiotemporal collective behaviour
characterized by mosaic-like and zigzag structures in the lattice dynamics. This behaviour arises as a consequence of a clustering
effect, which collapses orbits into the same region of phase space and leads to long weakly chaotic transients as a direct result.

The present paper is organized as follows: in Section 2, we introduce the coupled map lattice model and their respective limit
cases. Section 3 shows the spatio-temporal and cluster effect for the lattice and their parameter dependence. The Lyapunov spectrum
for this model are shown in Section 4. Section 5 presents an analysis of the correlation of the spatial component of our model. The
last section contains our conclusions.

2. Hamiltonian model and methodology

We consider a system composed of N rotors coupled in a regular one dimension periodic lattice, in the shape of a ring. This
systems is described by the Hamiltonian [31,32],

N (’-)2 )
_ p
H(x,p.1) = Z SV Y 8(t - na), )
i=1 n=0
where x®) is the angular position of each rotors and p the momentum associated, the potential is given by
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where K plays a double role as the non-linearity parameter and the coupling strength. For K = 0 the system is uncoupled and
integrable. Moreover, we have N as odd and we define N’ = (N — 1)/2. The coupling is nonlocal given that the summation run
over all the neighbours of a given site, but the intensity of the coupling decays with the lattice distance as a power-law, where «
represent the range of the coupling and #(«) is the normalization factor, this allow us to go from the limit of local coupling, closest
neighbours when a — o« and global coupling, Hamiltonian mean field [15] when a — 0, let
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The equations of motion is given by the Hamilton equations [33]
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The variables p® are constant between two impulses, but vary in a discontinuous manner in the impulse. It is possible to obtain
a map, integrating the equations of motion around one impulse, with this we arrive in a bi-dimensional map for each site in the
network

PO =00+ O, 5)
X0 =xW4p! | (mod 1), (6)

where

N
fOm = —K D [sin (27 () = xO)] + sin [27(x7) = xO)]] L
ZEW =1 J*
This represents a symplectic coupled map lattice (CML), given that the determinant of the Jacobian matrix is 1, the time and
space variables are discrete, allowing us to study the long time behaviour without much computational cost. The total momentum is
conserved, thus the motion is bounded to a surface of dimension 2N — 1. Given the Hamiltonian character of the systems, complete
synchronization is impossible. However, clusterization is observed, where the rotors possess the same angular position in the phase
space. More precisely, in a cluster with M maps, we have

7

Ix{ - x| < C. ©)

where i,j = 1,2,... M and C < |x?| is a tolerance level. For the characterization of the degree of clustering, we used, the global R
order parameter of Kuramoto [34]. Defined as

N
R0 = |+ ¥ exprin). ©
j=1

The order parameter R takes values between [0, 1], where R = 1 characterize a complete synchronization, and R = 0 characterize
a complete lack of coherence between the sites. Synchronization appears if the initial conditions are the same for all sites. However,
a typical set of initial conditions will most likely not belong to this particular set. In CML high values of R, i.e., values close to 1 help
us identify the emergence of cluster effect in the lattice. Studying a model equivalent to ours in the case of global coupling a = 0,
Konishi and Kaneko [17] have found cluster states occurs when K < 1 and the initial conditions are chosen in small intervals, so
that, we choose pf) as a random distribution in [—0.05,0.05], with zero sum and xé) as a random uniform distribution in the interval

[0.4,0.6], in all further simulations.

3. Cluster effect

Given the high dimensionality of the system it is impossible to see the whole phase space, instead, we choose to show a projection,
in Fig. 1, of five randomly selected conjugate pairs (x®, p®) for different values of K, with a = 5, on a lattice of 1001 sites. The
corresponding time evolution of the order parameter R is also presented. In case (a), the orbits are confined to a small interval in
the momentums variable, and the order parameter fluctuates around 0.1, indicating that there is no cluster. In cases (b) and (c),
the orbits at all sites remain confined within a small region of phase space, as case (a), but the order parameter is able to detect an
apparent coherent motion. The order parameter exhibits regularly spaced peaks, indicating a periodic coherent motion of the lattice
sites. Case (d) is similar to (b) and (c), but displays a partial breakdown of the cluster around n = 0.8 x 10*. In case (e), a similar
breakdown occurs, but much earlier in the time evolution, the coherence of the sites are only a transient motion in this case, after
with the orbits subsequently spreading over a wider momentum range.

In Fig. 2, we show the time evolution of the position of each site in the lattice. The values of K correspond to the same used in
Fig. 1, allowing for a better understanding of the clustering behaviour observed. Pattern formation emerges across the lattice and
evolves over time, often taking the form of a zigzag structure, as seen in Figs. 2(b) and (c), which corresponds to the multi-peaked
evolution of the order parameter. In Fig. 2(a), a mosaic-like pattern is formed, associated with a low-amplitude order parameter and
limited momentum dispersion among the sites. As the coupling and nonlinearity parameter K increases, the patterns are destroy,
as illustrated in Figs. 2(d) and (e). In these cases, the zigzag pattern appears only as a transient feature, lasting approximately 7000
and 1000 iterations, respectively. After the transient, we have a “random” pattern, with no correlation between sites of the lattice.

To investigate the temporal coherence of the system across different coupling strengths, we analysed the power spectrum of
the Kuramoto order parameter R(n), show in Fig. 1. At the zigzag regime K = 0.25 and K = 0.5, the spectrum displays a sharp
dominant peak along with harmonics, indicating strong periodicity and global spatiotemporal coherence. In contrast, for weak
coupling K = 0.05 the mosaic-like case, the spectrum is broadband and lacks any dominant frequency. For strong coupling K = 0.75
and K = 1.0, a initial transient is visible in the time series, but the power spectrum remains largely featureless, with small peaks for
the K = 0.75 case, suggesting the system enters a chaotic state. These results highlight that the zigzag regime represents a distinct
dynamical phase with regular temporal organization, whereas higher coupling strengths lead to a loss of coherent structure.

In order to investigate the dependence of the CML with the parameters bifurcations diagrams can be use [35], however this
approach is not directly applicable to our Hamiltonian system. Due to the conservative, symplectic nature of our lattice, there are
no attractors and the system does not converge to a steady-state. Instead, it exhibits long-lived transients, stickiness, and persistent
fluctuations. Thus to described the gross dynamical nature of the system with the coupling and nonlinearity parameter K and the
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Fig. 1. In the left panel the projection of the phase space, and in the top right panel the time evolution of the order parameter Eq. (9), where in the low right
panel, we the power spectrum of the order parameter. For different values of K, in (a) K =0.05, (b) K =0.25, (c) K =0.5, (d) K =0.75 and (e) K = 1.0.

coupling range a, we plot the time evolution of the order parameter for different values of K and a. In Fig. 3(a), we fixed ¢ = 5
and analysed different values of K. For small K < 0.2, the order parameter is close to zero, with scattered points showing higher
values, indicating the intermittent formation of a mosaic-like pattern. With the increase of K a structure of stripes appears in the
range 0.22 < K < 0.73, the zigzag pattern is possible. For K > 0.75 the stripes exists only up to a time, after the order parameter is
zero, indicating a transition from the zigzag pattern to the random, unstructured state.

The dependence of the patterns with the coupling range « is showed in Fig. 3(b), where K = 0.5. In the case of a = 0 the lattice
is not clustered corresponding to the unstructured case, the increase of a leads to a cluster with all the sites, the order parameter
R is close to one. The further increase of « leads to a transition from full clustering to a transition phase with stripes in the order
parameter with different periodicity. For a > 5 the lattice converges to the most close neighbour coupling, and we have a structure
of stripes where the cluster happens, indicating the establishment of the zigzag pattern in the lattice. The transition from zigzag to
chaos is rapid but continuous, as evidenced by the time scales associated with changes in the order parameter. The system evolves
from a well-defined zigzag pattern to a mosaic-like structure, and eventually to spatiotemporal chaos.

4. Lyapunov exponents spectrum

The dynamics of the system can be more accurately described through Lyapunov exponents. Even in a network of high
dimensions, a positive Lyapunov exponent is a signature that the system is chaotic, while a value of zero corresponds to quasiperiodic
motion. The stickiness effect alters dynamical quantifiers such as the Lyapunov exponent, causing its value to be smaller than in
the fully chaotic case [29]. In our lattice the Lyapunov spectrum comprises 2N exponents, corresponding to each independent
eigendirection in the tangent space. Because the system is Hamiltonian, it satisfies

2N

Y 4 =0, (10)

i
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Fig. 2. In the y-axis is time while in the x-axis is the site of the lattice and the colours correspond to the position in the left panel and in the right is the
momentum. In (a) K =0.05, (b) K =0.25, (c) K =0.5 and (d) K =0.75 and (e) K = 1.0.
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in Fig. 2.
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the exponents cancel in pairs 4; + 4;, y = 0. This cancellation results in a symmetric spectrum. Furthermore, due to the conservation
of momentum, at least one exponent is zero; by symmetry, this means that there are actually two zero exponents. The spectrum can
be computed using the method described by Eckmann and Ruelle [36],

4; = lim l1nAj, a1

n—-oo n

where is the eigenvalue of the matrix M = []'_, J,, we apply a QR decomposition in 7, so that, M can be write as a upper triangular
matrix, and the eigenvalues are equal to the diagonal elements of this matrix. The Jacobian matrix of the symplectic CML are given
by

8ik i((:)
1

Jy, — dxndfm , (12)

O Gixt oxP
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In Fig. 4, we plot the positive Lyapunov exponents, given the symmetry of the spectrum computed with 2 x 10* iterations. Each
curve in Fig. 4(a) corresponds to a specific value of K, as indicated by the vertical lines in Fig. 3(a). The more ordered cluster
states, with zigzag pattern K = 0.25 and K = 0.5 exhibit lower Lyapunov exponents values when compared to the random state
observed for K = 1.0 and the case where the pattern is lost after some time K = 0.75. Moreover, the zigzag patterns possess a
smaller Lyapunov exponent spectrum that the mosaic-like pattern K = 0.05. In Fig. 4(b), we show the convergence of the maximum
Lyapunov exponent, 4,,,,., on a logarithmic scale. The case of K = 0.75 exhibits a particularly curious behaviour: the pattern appears
to break down at approximately 0.8 x 10* iterations, although a sharp increase in A,,, is already observed around 0.5x 10* iterations,
thus, the Lyapunov exponent serve as an early indicator of the behaviour transition in the CML.

Fig. 4(c) present the positive Lyapunov spectrum for K = 0.5 and five values of a corresponding to the vertical lines in Fig.
1(b). In Fig. 4(d) the convergence of the maximum Lyapunov exponent is presented. The case without clustering exhibits higher
Lyapunov exponent values, while the cases with clustering display a small Lyapunov spectrum with also exponents of the order of
1073, indicating that certain degrees of motion are not fully chaotic. The case without clustering exhibits higher Lyapunov exponent
values, while the cases with clustering display a small Lyapunov spectrum with also exponents of the order of 10~3. Moreover,
Szezech et al. [29] showed that the finite-time Lyapunov exponent (FTLE) exhibits a bimodal distribution in the Standard Map,
reflecting the intermittent behaviour of orbits as they alternate between trapping regions and the chaotic sea. This result suggests
that the small values Lyapunov exponents detected in the presence of emergent patterns are a consequence of the stickiness effect,
which alters the dynamical properties of the orbits. Stickiness, therefore, can be understood as the underlying mechanism driving
the formation of clusters, as discussed in [16,28], and these clusters, in turn, give rise to spatiotemporal patterns. Unlike the typical
intermittent stickiness seen in low-dimensional Hamiltonian systems, in our coupled map lattice, this effect can be persistent, as
observed in Figs. 1(a)-(c), or transient, as in Figs. 1(d) and (e).

5. Spatial correlation integral

Another important measure for the clustering effect is the correlation integral [37,38] C,(¢), it is a fundamental tool in nonlinear
dynamics used to quantify the spatial and temporal structure of trajectories in phase space. By measuring the probability that two
points from a trajectory are within a given distance # of each other, the correlation integral captures how densely points cluster
over time. The correlation integral is defined as

N
- tim 0 _ )
Q@ﬁgm;@fw ), a4
i
where O is the Heaviside step function, || ... || is a distance, in our case the Euclidean metric, and # is the correlation radius. If C,(¢)

increases quickly with ¢ the system exhibits strong spatial correlation, while if the remains low or increases slowly, the system is
spatially uncorrelated (randomly distributed states). Moreover, a high value of C,(¢) for small # indicates that the system is in a
cluster and we have a strong collective behaviour [37,38].

In Fig. 5 we showed the time evolution of the correlation integral as a function of ¢ for a fixed value of « = 5 and different
values of K. A sharp transition is observed around # = 0.7 for the mosaic-like case Fig. 5(a), while the zigzag and random cases
this transition happens around # = 0.5, after this correlation abruptly saturates to 1, indicating that most point pairs fall within this
distance in phase space. Below this threshold, the presence of horizontal stripe patterns, Figs. 5(b), (c) and (d) reveals temporal
regularities in the lattice evolution, up to some time. The horizontal stripes repeat almost identically from one driving period to the
next, indicating that the lattice enters a nearly periodic pattern in time. In other words, the same spatial pattern recurs each kick,
so the dynamics appears locked in time.

Grassberger and Procaccia [37] introduce the calculation of the correlation integral as a way to estimate the dimension of
correlation y, using the fact that if the number of points use to calculate C, is sufficiently large, then C,(¢) ~ £7. Thus a log-log
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Fig. 4. In (a) Positive Lyapunov exponents for different values of K and a = 5.0. In (b) convergence of the maximum Lyapunov exponent for K = 0.5 and
a = 5.0. In (c) Positive Lyapunov exponents for different values of « and K = 0.5. In (d) convergence of the maximum Lyapunov exponent for K = 0.5 and
different values of a.

plot of the correlation integral versus £ gives a estimate of y. This dimension measures the occupation of the phase space. If y ~ 0
the points are very close in the phase space, thus cluster motion, while y = 1 the orbits are far apart. Given the finite time of our
simulations the correlation integral is the actually the correlation sum, and is computed considering the trajectories in time n of
all sites. In Fig. 6 we show the time evolution of the correlation dimension for the coupled map lattice with » = 1001, « = 5 and
K =0.75, the dimension presents a cyclic behaviour when the zigzag pattern exist oscillating between 0 and 0.9 until the transition
to chaos when the dimension to the unit, meaning not that the points are far apart without correlation.

These results suggest that the orbits in this case are confined to simple invariant structures rather that the full phase space.
These invariant structures are most probably the stable periodic orbits of low dimension that persist for large perturbation until the
onset of chaos as observe in other Hamiltonian lattices [39,40] like in the Fermi Pasta Ulam problem [41,42]. The stickiness effect
occurs around these low dimension orbits leading to clustering in a region of the phase space. Thereafter, we have a weakly chaotic
behaviour. This structured pattern implies that, despite the nonlinearity of the underlying dynamics, the system does not exhibit
fully developed chaos and retains a degree of spatiotemporal organization. A further increase in coupling strength, which leads to
the breakdown of spatial patterns, also results in a loss of correlation between sites. This is evident in Figs. 5(d) and (e). This suggests
that the system has entered a more chaotic regime, with trajectories rapidly mixing in phase space and losing coherent temporal
structures. The correlation saturates more uniformly as ¢ increases, indicating that most point pairs become quickly uncorrelated at
small scales and fully correlated at larger scales. Exists a small transient dynamics in the case of K = 1.0, but overall the behaviour
reflects a dominant chaotic regime.

It is also possible to define average time spatial correlation n C; as,

Ci(&) = (Y = ) = %,)), 0 s)

where X, is the spatial average at the time n, this is the two point correlation function it measures how the value at one site influences
or correlates with sites at a distance ¢. In Fig. 7, we showed the spatial correlation as a function of the lattice distance. For the case
the zigzag pattern Fig. 7(a) we have a high correlation for small distances, sites close to each other are strong correlated, as the
distance increases the correlations decays quickly to zero. The best fit determined by the small root mean square error, was found to
be a stretched exponential of the form exp (—(#/y)?), where § = 0.91 is the stretching exponent and y = 28.68 the correlation length.
Thus, sites £ < 30 are strongly correlated, while for # > 30 they have a weak correlation. The stretching parameter § indicates that
the decay is slower that a pure exponential, long range correlations are still present but they are weaker at large distances. Fig. 7(b)
shows the spatial correlation with the distance, where the fitted curve an exponential of the form exp —(#/105.06). The correlations
are small, around 0.02 for neighbour sites and goes to zero with the increase of the distance.
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Fig. 5. Time evolution of the correlation integral, as colour, for different values of the correlation radius #. In (a) K = 0.05, (b) K = 0.25, (c) K = 0.5, (d)
K =0.75, (¢) K=1.0 and a =5 in all cases.

6. Conclusions

In this work, we explored the emergence of spatiotemporal patterns in a one-dimensional symplectic coupled map lattice
composed of periodically kicked rotors with nonlocal interactions. Due to the symplectic structure of the system, the orbits do
not collapse onto an invariant manifold, making full synchronization possible only for a special set of initial conditions. To typical
initial conditions, we observe the formation of cluster states, which emerge as a consequence of the stickiness effect, where chaotic
trajectories become temporarily confined near regular structures in phase space, causing the orbits to group together.

Our findings reveal the existence of mosaic-like patterns K = 0.025 and zigzag structures K = 0.5 for different values of coupling
strength and coupling range. In these configurations, the Lyapunov exponent spectrum exhibits significantly smaller values compared
to the case without correlations or spatial patterns between sites. Lyapunov exponents very close to zero on the order of 10~ are
also observed, indicating that the motion is restricted to certain degrees of freedom rather than spanning the entire available phase
space. The Lyapunov exponents alone cannot precisely determine the dimension of these regions. However, this limitation could be
overcome using the Generalized Alignment Index (GALI) [43-45]. For an s-dimensional torus, GALI, remains nearly constant for
k < s and decays algebraically for k > s, whereas for a chaotic orbit, all GALI, decay exponentially [45]. Thus, measuring the GALIs
would directly reveal whether a trajectory lies on a low-dimensional torus (stable mode) and determine its dimension.
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Fig. 7. In (a) and (b) is presented the decay of the average time spatial correlation, for the parameter of K = 0.50 zigzag and k = 1.00 chaos, respectively.

The analysis of the order parameter is complemented by the correlation integral, which is capable of revealing collective
behaviour in the lattice. For mosaic-like and zigzag patterns, strong correlations are observed even at small correlation radii,
appearing in a periodic fashion, similar to the order parameter. In contrast, for high coupling strength and nonlinearity K, correlation
appears in a transient time, and significant correlations only emerge at large correlation radii, indicating a lack of clusterization
or coherence between sites in the lattice. The spatial correlations decays as a stretched exponential for zig-zag pattern and as a
exponential curve for the fully chaotic case, however in the last case the correlations are very small.

The emergence of spatial patterns in the lattice is closely linked to the phenomenon of clusterization, where the orbits of different
sites evolve in coherent manner. Our results indicate that this behaviour is associated with a regime of weak chaos, as evidenced
by small but positive Lyapunov exponents. During this phase, the system explores a restricted region of phase space, as show by
the correlation dimension, suggesting that trajectories become temporarily confined, this is consistent with the phenomenon of
stickiness observed in Hamiltonian dynamics. This dynamical trapping leads to long coherence and spatial ordering that depends on
the strength and range of the coupling with some cases showing a transition to more chaotic state or only a chaotic state. Therefore,
our findings support the interpretation that cluster formation arises as a manifestation of stickiness in symplectic systems with
nonlocal interactions. Open questions remain regarding how clustering correlates with intermittent stickiness synchronization, as
discussed in [28], as well as how energy and information is transported between the sites of the lattice.
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