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ABSTRACT

In this paper, we study some dynamic properties for oval-like billiards. These billiards have two control
parameters, named €, which controls the deformation of the boundary, and p, which changes the num-
ber of inflection points. The particle’s position (X,Y) uses Cartesian coordinates, and the angle  gives
us the particle’s direction. Here we consider a Poincare section, where we calculate the position X (in the
horizontal axis) and angle p every time a particle crosses Y =0 (in the vertical axis). We compute the
phase space and the conservative generalized bifurcation diagrams (CGBD). These diagrams are obtained
when changing the initial position X and the control parameter €. We plot the respective maximum
Lyapunov exponent for each combination of the control parameter and initial condition, which uses a
customized color palette. These diagrams show how complex billiards dynamics are, where one can find
the direct and inverse parabolic bifurcations. Moreover, one can highlight periodic, quasi-periodic, and
chaotic regions. We found a fractal behavior (self-similar structure), where we verified the existence of
period-adding structures logical sequences (periodic orbits) in the CGBD. These sequences accumulate in
different regions depending on the control parameters, following the main body’s period and accumulat-
ing in different regions. When we set the control parameter p to 1, we observe that chaos dominates for a
high enough value of the control parameter € (which controls our billiard’s deformation). We also studied
some orbits embedded in stochastic layers that appear near saddle points, which obey another period-
adding logical sequence. These stochastic layers play a crucial role in the dynamics of billiard systems
because that chaos grows in such regions, near saddle points, after increasing the control parameter’s
value.

© 2021 Elsevier Ltd. All rights reserved.

1. Introduction

[10-12]. Tt can be considered both classical [1,4-12] and quantum
[13-15] versions, as well as relativistic particles [16,17]. Several

The study of billiards is an important research field in dynam-
ical systems. We define a billiard as a closed domain bordered
by a hard wall, in which we introduce a point-like particle [1-9].
The main idea is to have a simple class of models, which shows
the complicated behavior of non-integrable smooth Hamiltonian
systems without integrating a differential equation. By connecting
the dynamics with geometry, billiards correspond to models that
qualitatively mimic various complex systems’ properties, mech-
anisms, or effects. Depending on the boundary’s shape, we can
observe regular [1,4,5], mixed [6-9], or fully chaotic dynamics
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different billiards can be studied. We find some applications in
physical problems, such as superconducting and confinement of
electrons in semiconductors by electric potentials [18,19], ultracold
atoms trapped in a laser potential [20,21], mesoscopic quantum
dots [22,23], the reflection of light from mirrors [24,25], waveg-
uides [26,27], and microwave billiards [22,28,29]. Other examples
of billiards can also be cited, for instance, elliptical [30,31], stadium
[11], and mushroom [7-9].

When we talk about billiards, one can cite studies that show a
semiclassical transition from an elliptical to an oval billiard [32].
It is also possible to study the semiclassical treatment of diffrac-
tion in billiard systems with a flux line [33]. Another interesting
study shows the influence of corners in billiard systems, as done
in Ref [34]. Reference [32] is specially important because shows
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some examples of bifurcations that occur in billiard systems. One
goal of our paper is to explore some of these bifurcations, focus-
ing on the direct and inverse parabolic bifurcations that occur in
oval-like billiards.

We are going to consider a modified version of an oval-like bil-
liard [1,3,6,35-37]. We demonstrate that two control parameters
can completely change the dynamics of the system. In Section 2,
we show details about the model and describe some essential ini-
tial considerations. Our intention here is to explore some conserva-
tive generalized bifurcation diagrams (CGBD) [31,35,38,40], where
we go deeper into the study of these structures. These diagrams
are composed of trees whose main stems are the periodic orbits
(resonances) and infinite ramifications, which are all rational tori
(higher-order resonances) surrounding the periodic orbits [38]. The
CGBD plots are important because one can find the direct and in-
verse parabolic bifurcations. One can also highlight periodic, quasi-
periodic, and chaotic regions. To find the linear stability of the
fixed points, one could use some methods, like Greene’s residue
[39], but, when using the CGBD, one can visually identify where
the periodic orbits lose linear stability or duplicate.

We show period-adding structures that have a non-trivial pat-
tern that depends on the system and control parameters chosen.
Our main contribution relies on the fact that, for billiards, one can
obtain the value of K/L, where K refers to the number of times the
particle reached the Poincar section, i.e., the number of times in
which the trajectory crossed Y = 0. The second number L refers to
the number of hits with the billiard boundary. With this in mind,
we show some period-adding sequences of structures that appear
and accumulate in different regions. We also show several exam-
ples of trajectories to explain these periodic structures.

In Sections 3 and 4, we present results for different control pa-
rameters’ values. We find some unusual orbits that are embedded
in stochastic layers. These layers appear near saddle points, which
is the mechanism for creating chaos in the system. We present fi-
nal remarks in Section 5.

2. The model and considerations

Let 8 €[0,27) and € € [0, 1) be the angular position and am-
plitude of the deformation, respectively. Then, we write the radius
of the billiard boundary in polar coordinates as

R(0) =1+ €cos (ph). (1)

For € =0, a circle billiard is recovered. The Cartesian position of
the boundary is given by

X,(8) = R(0) cos(0), (2)

Y,(8) = R(6)sin(8). (3)

Fig. 1(a) displays a sketch of the billiard boundary for p =2 and
€ = 0.2. We consider that the particle starts its motion at (X,Y) =
(Xp, Yo), wherein a first moment Yy = 0. The particle’s trajectory
makes an angle g, measured counterclockwise from the horizon-
tal line. Although the trajectory propagates clockwise, its angle is
measured counterclockwise. Let V be the initial particle’s veloc-
ity and At be the time variation. Then, the position of the particle
(Xp., Yp) is given by:

Xp = Xo + Vg cos (o) At, (4)

Y, = Yo + Vo sin (o) At. (5)

For simplicity, we set Vy = 1. We can also write the particle’s tra-
jectory as

Yp = Yo +tan (io) (Xp — Xo)- (6)
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To identify the interception of the particle’s trajectory with the
billiard boundary, we solve a transcendental equation, considering
Xp(61).Yp(01)) = (Xp, Yp). After that, we find the new angular po-
sition #; in which the particle touches the boundary. The particle’s
trajectory is specularly rejected with constant velocity.

Every time the particle’s trajectory crosses Y = 0, we annotate
the position X of the interception and the angle w. For example,
Fig. 1(a) shows that the particle intercepts Y = 0 in X; and X, with
angles wq and w,. Therefore, the green dashed line (represented
by Y =0) is the Poincaré section. Figs. 1(b) and 1(c) display bil-
liard boundaries for p =1 and p = 2, respectively. We change the
value of € from 0 (circular boundary) to 0.9. Let ¢, = 1+1p2’ then
the billiard has some local negative curvatures when € > €.

As we will show in the next sections, the dynamical properties
are highly dependent on € and p.

3. Results for p=1

To verify if an orbit is chaotic, we can use a critical observable
named Lyapunov exponent [41]. It is a practical tool that can quan-
tify the average expansion or contraction rate of a small volume of
initial conditions. Let J; be the Jacobian matrix evaluated over an
orbit that hits n times the billiard boundary and A; be the eigen-
values of M =[], J;. Then, the Lyapunov exponents [41] are de-
fined as
Aj=gingc%1n]Aj\, j=1,2. (7)
In our simulations, we consider orbits that hit up to 10 times the
billiard boundary. If A — 0, the orbit may have periodic behavior,
while for A > 0, the orbit may present chaotic behavior.

Let us introduce the Conservative Generalized Bifurcation Di-
agram (CGBD). These diagrams exhibit the location and different
bifurcations (inverse and direct parabolic bifurcations [31]), with-
out the necessity of calculating, for example, the Greene’s Residue
[39]. It contains infinite sub-diagrams with all rational/irrational
tori from the periodic orbits. Results are remarkable and show self-
similar and generic bifurcation structure in conservative systems.
Fig. 2 displays CGBD plots for p = 1. Due to the symmetries, we
consider g = /2 to construct the CGBD plots and change X, and
€’s values. It is fair to say that when considering o = /2, it is
possible to lose some periodic orbits that exist in different regions
of the phase space. However, due to the symmetry of this billiard,
some periodic islands appear at the line o = 7 /2. It is correct to
say that this is a particular case, but we will still get similar behav-
ior, with the fractal behavior, when choosing other control param-
eters combinations. If we take another value of «, it is still possible
to see similar results, but slightly changed.

In our simulations, we consider 1000 different values of X, and
1000 different values of €. For each pair (Xj, €), we iterate an orbit
until it hits 10* times the billiard boundary and compute the Lya-
punov exponent A. We use a specific color palette to represent A,
highlighted at the top of Fig. 2. Regions with A — 0 tend to have
blue or black colors, while higher values of A are represented by
red, orange, or white colors. The white regions typically highlight
chaotic orbits, while black regions represent periodic motions.

The periodic structures are located mainly in regions with
low € values, as shown in Fig. 2. We see that chaos dominates
the dynamics for € > 0.5, i.e., almost all periodic islands are de-
stroyed (losing linear stability). It is essential to observe that X, €
(Xmin»> Xmax ), where [Xpin, Xmax] = [Xp (1), X, (0)]. The black-colored
regions in the left of X,;, and Xmax's right are regions not allowed
(with no physical meaning because the particle is outside the bil-
liard boundary).

Fig. 2 (b) exhibits an enlargement in the orange rectangle B
shown in Fig. 2(a). We show, with more details, the apparent frac-
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Fig. 1. (Color online) Sketch of an oval-like billiard, wherein item (a) we show an example of trajectory starting at (Xo,Yp) = (—0.65, 0). We set the control parameters as
p=2 and € = 0.2. Angle 1, gives us the particle direction. In (b,c), we show billiard boundaries for different values of €, wherein item (b) p =1 while in (c) p=2.
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Fig. 2. (Color online) CGBD for p=1 and 1o = 7w /2. The palette color shows the maximum Lyapunov exponent A. We see numbers K/L separated by bars, where the first
number K refers to the number of times the particle reached the Poincaré section, while the second number L refers to the number of hits with the billiard boundary.

tal behavior of the CGBD. There is a clear organization pattern of
the periodic structures. In this figure, we see numbers K/L sepa-
rated by bars, where the first number K refers to the number of
times the particle reached the Poincaré section, i.e., the number of
times in which the trajectory crossed Y = 0. In contrast, the second
number L, refers to the number of hits with the billiard boundary.
For example, let us take the conditions that produce the trajectory

K/L=4/9 in Fig. 2(b), represented by the little cyan circle in the
coordinate (Xg, €) = (—0.4674,0.2816). Fig. 3(a) shows the corre-
spondent trajectory. To count the number of times that a particle
crosses Y = 0, we start in the second red circle (from left to right).
For wg = /2, the particle’s trajectory goes vertically to the top.
In a clockwise direction, we count the number of times it crosses
Y = 0 until returning to the initial point. It reaches our Poincaré
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Fig. 3. (Color online) Examples of periodic trajectories for p = 1. Trajectories in (a,b,c,d) are examples taken from Fig. 2(b), representing rotational motion, while (e,f,g,h) are
shown in Fig. 2(c), representing librational motion. The numbers separated by bars (K/L) represent the number of times the particle reached the Poincaré section and the

number of hits with the billiard boundary.
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Fig. 4. (Color online) Phase space for p =1 and: (a) € = 0.3586; (b) € = 0.3888. After a critical value, the island in (a) duplicates, creating the islands shown in (b).

section 4 times (K = 4). However, it hits the billiard boundary nine
times (L = 9) before returning to the initial point. Then, this trajec-
tory is represented by 4/9. It is essential to observe that this is a
periodic behavior.

Returning to Fig. 2(b), we see trajectories that follow an inter-
esting pattern. For example, we identify trajectories with K/L given
by 4/9, 4/11, 4/13, 4/15, 4/17, and so on. We add two units for the
value of L while K remains equal to 4. This period-adding sequence
converges infinitely to X;,;,. We observed a similar sequence for
K = 8, where we see trajectories with K/L equal to 8/15, 8/17, 8/19,
and so on.

Fig. 2 (c) shows an enlargement in the C region shown in
Fig. 2(a). Here we see other period-adding sequences, where we
highlighted a sequence with constant values of K =2 (2/3, 2/5,
2/7, 2/9, ...), K=6 (6/11, 6/13, 6/17, ...), and K =10 (10/17,
10/19, ...). All these period-adding sequences with constant K ac-
cumulate in Xmax. In the left corner of Fig. 2(c), we see another
sequence, now with K/L given by 4/6, 6/9, 8/12, and so on. It adds
two units to K and three units to L, i.e., it follows the period of the
main structure 2/3. Figure 2(d) displays details inside the D rect-
angle shown in Fig. 2(c). We find that the periodic fixed point 2/3
loses the linear stability (becomes unstable/hyperbolic), and two
branches 4/6 are created.

Fig. 3 shows examples of periodic trajectories. The trajectories
4/9, 4/11, 4/13, and 4/15 (rotational motion) are taken from the
little cyan circles in Fig. 2(b). In contrast, the trajectories 2/3, 4/6,
6/9, and 8/12 (librational motion) are taken as the little brown

circles in Fig. 2(c). We are observing specifically Figs. 3(e) and
3(f), the trajectory 2/3 lost linear stability and created two 4/6
trajectories, as explained in Fig. 2(d). € = 0.3586 and € = 0.3888
are the values of € taken to construct the trajectories in Figs. 3(e)
and 3(f). Altogether, Figs. 4(a) and 4(b) display the corresponding
phase space u vs X, where each point represents the position and
angle in which the particle crosses Y =0 (our Poincaré section).
Fig. 4(a) exhibits a periodic island, wherein the center (red cross)
has a fixed point with K/L = 2/3. As K = 2, we can say that this is
a period-2 fixed point, which means that we can observe another
similar island in other regions of the phase space. However, for vi-
sual purposes, we decide to highlight only this one. After a criti-
cal € value, the island in Fig. 4(a) duplicates, creating the islands
shown in Fig. 4(b). The separation between these two islands in-
creases when ¢ increases. It can be observed in Fig. 2(d) by the
two branches that started to separate for higher € values. When
€ is slightly greater than 0.44, the two branches (or the two peri-
odic islands shown before) lose linear stability, i.e., the islands in
Fig. 4(b) will disappear. For greater values of €, the chaos starts
dominating the dynamics.

4. Results for p =2

Fig. 5 (a) shows the CGBD for p=2 and pg = /2. For € < ¢ =
0.2, a fixed point located at Xy = 0 (K/L = 2/2) is stable, but it loses
the linear stability for € > €, and becomes unstable (hyperbolic).
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number K refers to the number of times the particle reached the Poincaré section, while the second number L refers to the number of hits with the billiard boundary.
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Fig. 6. (Color online) Examples of periodic trajectories for p = 2. Trajectories in (a,b) are examples taken from Fig. 5(a), while (c,d) are shown in Fig. 5(b) and (e,f,gh) are
shown in Fig. 5(c). The numbers separated by bars (K/L) represent the number of times the particle reached the Poincaré section and the number of hits with the billiard

boundary, respectively.

For € > 0.2, two different fixed points are created, both with K/L =
2/2 as well, and there is not a period-doubling bifurcation.

Fig. 6 (a) exhibits the trajectory 2/2 before € <€, while
Fig. 6(b) displays one of the trajectories 2/2 created for € > €. It
touches the boundary in two distinct positions. One at a maximum
(named as Yy;) and another at a minimum value of Y. We can find

Ym by solving dY,/06 = 0, which leads to the following transcen-
dental equation

F(0) = —epsin(ph) + X, (0), (8)

that needs to be solved numerically for F(6)=0. In addition
to that, one can find [Xm, Ym] = [X,(Om), Y, (@m)], which gives us
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Fig. 7. (Color online) Examples of quasi-periodic trajectories for p = 2. These are examples taken from Fig. 5(b).

the coordinate of the Y’s maximum value. For p=2 and € > ¢,
two maximums, and two minimum values can be found. Fig. 5(a)
shows the values of X;; found as dashed lines. In both branches,
the period-2 fixed points momentarily lose the linear stability at
€ ~ 0.5, i.e,, the periodic islands almost disappear but recover the
linear stability for higher ¢ values.

Fig. 5 (b) shows details of the main K/L=2/2 structure ob-
served around Xy =0. On the left, we observe a sequence of
period-adding structures named 4/4, 6/6, 8/8, 10/10, and so on.
We add two units to the value of K and L, where the value of K
is equal to L, following the period of the main structure. We can

see another more complex sequence in the right, where we see the
period-adding sequence 2/6, 6/10, 10/14, 14/18, .... Here, the value
of K differs from L. We add four units to K as well to L. Fig. 5(c)
displays an enlargement in the C rectangle shown in Fig. 5(b).
Our intention here is to show details around the 4/4 structure.
As shown in Fig. 5(c), we verify a period-adding sequence start-
ing from 20/20. The next structures have periods 28/28, 36/36,
44/44, ..., which accumulate near the figure’s left-bottom corner.
Another period-adding sequence is observed in the top-left cor-
ner, named as 6/6, 10/10, 14/14, 18/18, ..., which accumulate in
the white region (chaotic region). We identify a fractal behavior

-0.5

205

Fig. 8. (Color online) Examples of stochastic layers that appear for p = 2. The blue points in (a,b,c,d) represent, respectively, the initial conditions taken in Q,, Q4, Qs and
Qg shown in Fig. 5(b). The value of € for each panel is: (a) € = 0.0169; (b) € = 0.1197; (c) € = 0.08025; (d) € = 0.06038. The X position of the red circles (all with Y = 0) is:
(a) Xo = —0.26019; (b) Xo = —0.1535; (c) X, = —0.34169; (d) X, = —0.38594. (For interpretation of the references to colour in this figure legend, the reader is referred to the

web version of this article.)
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(self-similar structures) that appears when successive zooms in
are done.

After applying an enlargement in the D rectangle shown in
Fig. 5(b), we obtain Fig. 5(d). We see more complex period-adding
sequences appearing. For instance, we find the sequence 6/10,
10/18, 14/26, ... in the left and the sequence 6/14, 10,22, 14/30,
... in the right portion of the figure. Both sequences accumulate to
the same point, where we add four units to K and eight units to L.

Fig. 6 shows examples of trajectories for p = 2. As said before,
Figs. 6(a) and 6(b) exhibits examples taken from Fig. 5(a) before
and after €.. The trajectories 4/4 and 6/6 in Figs. 6(c) and 6(d)
are taken from Fig. 5(b). The trajectories 20/20, 28/28, 36/36, and
44/44 in Figs. 6(e), 6(f), 6(g), and 6(h) are taken from Fig. 5(c),
where we highlight the evolution of the trajectories that follow the
period-adding sequence.

Observing again Fig. 5(b), we highlight some special regions,
named Q,, Q4, Qs, and Qg. We explore the white regions that ap-
pear around the orange/red structures. For example, the trajec-
tory Q,, in Fig. 5(b), is highlighted in Fig. 7(a). As one sees, this
trajectory starts at the left red circle, goes straight up (because
o = 7 /2), reaching twice the billiard and the Poincaré section.
The trajectory returns to the initial point after two iterations with
our Poincaré section. However, the final angle is not the same as
the original (u, # 7/2). Suppose we evolve this trajectory, for in-
stance, for eight iterations. In that case, we see that the particle’s
trajectory returns to the initial after every two iterations. That is
why we named Q,, where the index represents the number of iter-
ations until apparently returning to the initial point. Fig. 7(c) dis-
plays the trajectory Q4 shown in Fig. 5(b). This trajectory is not
periodic because the angle when returning to the initial point is
wrong. Fig. 7(d) shows the evolution for 18 iterations. The trajec-
tory Qg is shown in Figs. 7(e) and 7(f) for 6 and 18 iterations. Fi-
nally, the trajectory Qg is observed in Figs. 7(g) and 7(h) when it-
erating up to 8 and 24 times. The trajectories (Q;) are very special
and occur for some special combinations of the control parameters
and initial conditions.

Let us consider the control parameters and initial conditions
that produce Q,, Q4, Qg, and Qg. We can plot the complete phase
space w vs X, shown in Figs. 8(a), 8(b), 8(c), and 8(d). The tra-
jectories Qp, Q4, Qs, and Qg start in the blue circle, and these
trajectories are embedded in stochastic layers. The layers are re-
gions where chaos starts emerging. When the value of the con-
trol parameter € is increasing, the surrounding periodic structures
are continuously destroyed. These stochastic layers [30] are cre-
ated near the saddle points (hyperbolic fixed point). The creation
of those stochastic layers can explain why white regions (with high
A values) appear near Q; in Fig. 5(b).

5. Conclusions

In this paper, we explore conservative generalized bifurcation
diagrams (CGBD), as well as phase space properties. These dia-
grams show how complex billiards dynamics are, where one can
find duplication of the period, direct and inverse parabolic bifur-
cations. Moreover, one can highlight periodic, quasi-periodic, and
chaotic regions. These plots display initial conditions versus non-
linear parameters, and the color palette identifies the maximum
Lyapunov exponent. In our simulations, we observe that periodic
structures are organized in period-adding logical sequences, fol-
lowing the main body’s period and accumulating in different re-
gions. The structures shown have a fractal pattern. We obtained
results for p=1 and p =2, but our results can be extrapolated
to other p values. For p =1, we verify that chaos dominates the
dynamics for high enough values of €. For p =2, we highlighted
some unusual orbits that are embedded in stochastic layers. These
layers are essential to the dynamics because that chaos grows in

Chaos, Solitons and Fractals 155 (2022) 111707

such regions (near saddle points) after increasing the control pa-
rameter’s value. In summary, the CGBD plot shows essential details
about the dynamics of billiard systems.
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